"HS%& (Y0)*+(,)"-&-H#&.-1$+,()-,0&1+"2(3(,)"-&
4"+8(-8567&!"H#$%

"H$%0& (&)*+,%
8$2(+,9%-,&"4&1(,:$9(,)/;
<"+,:&'(+"%)-(&5,(,$&.-)=$+),0

SIR Model ' 1000
dsS :
or =ON—0S—qkIS , 5(0)=5 ¢ wofy
a7 é 600/
— =kIS—(r+0)I , I(0) = Iy s |
dt —— S 400]
dR B
E =rl — 5R ) R(O) — RO E 200

£ % 1 2 3 4 5 6



567&8);5(;$&>?(92%$
SIR Model:

ds
dt
dI
dt
dR

ar rl —oR , R(0) = Ro Recovered

=0N — 930S — kIS , S(0) =5 Susceptible

= kIS — (r+06)I , I(0)=1I Infectious

Note: Parameter setgq=1[!,k,r, "] is not identibable

1000 . ‘ ‘ :
i i . i i — Susceptible
Objectives: Employ Bayesian analysis for ‘ I
. 800} % - -'Recovered ||
@ Parameter selection L '
o]
o 1
@ Model calibration 5 600)
. . “6 \o'v~~~.
@ Uncertainty propagation 5;3 400* T
2 s
2004\
0

0 1 2 3 4 5



5,(,); ) (%&6-45+%$-/$

S HI& A$&3"(%8&)-&:,(,): ) (%8&)-4$+$-/$&);&,"&9(BS&/-/%C;)"-:&(*"C,&(&
2:$-"9$-"-&*(;$H&"-&"*; $+=S#&H(,(D

0123425,+6,/&*;$+=(,)"-: 89 (#$&)-&,:$&2(;,&(+$&(-(YOF$HEG),:&(&:2$5/)4) $#&
Q"#$%DE&ETS;C%,&): &+$I(+HSHE(;&/"-A)#$-I1$&(*'C,&:,(,$&"48+$(%&G"+%6#D

@L+"*(*)%),)$: 84 $4)-$HE&(;&A+$HCS-))$,&G),:&G:)/:&(-8&$=$-,&"//C+;&)4&
$72$+)9%-,&);&+$2$(,$#&; $=$+(%&,)9%;D

@L(+(9%,$+&>;,)9(,)"-1&

" 7$9%)3$;&"-&$;,)9(,"+;&#S+)=$#H&A+"9&H#)44$+$- &#(, (&S, &(-#&(&;2%$/)4)/ &
:(92%)-3&#);,+)*C,)"-D

" 1(+(9$,$+:&9(0&*$&C-B-"G-&*C, &(+$84) ?$H& (-#&#$,$+9)-):,)/D

7"826+"5/86-,$+2+$,(,)"-&"4&2+"(*)%),08):&; C*I$/,)=$&(-H&/(-&*$&C2#(,$#&G), &
-$G&H(,(D

@L(+(9%,$+&>;,)9(,)"-1&1(+(9%$,5+;&(+$&/"-; ) #$+PH&,"&*$&+(-#"9&
=(+)(*%%$;&:(=)-3&(;;") (,$#&#$-;),)$;D



K(0%$;)(-&!""#$%&'(%)*+(,)"-

7"826<&=%2.12*/ 7"826+"5&9.:2#&"#+;1",+.5/&
P(AB) — P(B|A)P(A) @ 1(+(9%,$+,&(;;COPHE, "&*S&+(-#"9&=(+)(*%0$;
P(B) r(alo) = m(v|g)mo(q)
Jzr ™(v|@)m0(q)dg
>r)u*$#2/& '")'&L%)Z . 5 Hgads, 9Tai|s
0 w="1T
| . — ’ ,
Hi(w) { 1 , w=H °
M)B$%):""#I 2
N i
m(vlg) = [[ a7 (1 —gq)'~
i=1 % 02 04 o068 08
_ qZ vi(] — q)N—Z v; o 49 Heads, 51 Tails
=q¢" (1 - )™ )
17,$+)"+&G),:&<"-)-4"+9(,)=$&1+)"+iTo(¢) = 1 6
N N Y
gt (1—q)° N+1)! y,

T(qlv) = — ( ) _ , ), ¢"(1—g)™° o

fo gN1(1 — q)Nodg No!N,!
0

0 02 04 06 08



K(0%$;)(-&!""#$%&'(%)*+(,)"-

7"826+"589.: 2#& " #+:1" +.5/&

@ 1(+(93,$+;&/"-;)#$+BH#H&,"&*$&+(-#"9&
=(+)(*%%$;&G),:&(;;"(,$#&#$-),)$; D&

< 9)mo(a) Hatla )
U
m(qlv) = pr v|q)mo(q)dg q* 7 (ylq)
(o]
@1.;#2*/& gl=g* e q3=q2
* g2=qg*
@ E4,$-&+$HC)+3$;&:)3:&#)9%-;)"-(%&)-,$3+(,)"-N  ¢q0
o $D3DO&2BHRA"+&U6BV&9"#$%
o 2&P&:C-#+$#,&,"&,:"C;(-#:84"+&;"9$& 1o
9"#$%:;
0.75¢
),1",2A+26/&
0.5¢0 o
@ 5(92%)-3&9%,:"#:

@ 52(+;$&3+)#&HC(#+(,C+$&,$/:-)HCS;

0.25¢

0 0.25 0.5 0.75 1



I(+B"=&":()-&A$/:-)HCS:;
9"1B.C&'%"+5/86$HCS-/$&"4&$=93-,;&C :$+$&/C++$-,&;,(,$&#$2%-#;&"-%0&"-&%(;,&=("
7"62;"##/&States are S = {win,lose}. Initial state is p’ = [0.8,0.2].

@ W;;C9%9&,:(,&,5(9&G:)/:&G"-&%(;,&3(9P&: (;&XY Z&/:(-1$&"4&G)--)-3&-$7,&3(9%&
(-H&TYZ&/:(-1$&"48%";)-3&-$?,&3(9$D

@ W;;C9%&%";)-3&,3(9&G)-;&[YZ&(-#&%";$;&QYZ&"4&-$?,&3(9%;D
04 T~
oo ) e )os
\0_3/'

@ 1$+/$-,(3$8"4&,$(9:8G:"&G)-\%";$&-$?,83(9$&3)=$-&*0

p' =1[08,0.2][07 03] =1[0.64, 0.36]
0.4 0.6

@ IC$;,)"-18#'$;&,:$&4"%%"G)-38%)9),&$7);,"

p" =1[0.8,02] 07 031"
0.4 0.6



|(+B"=&":()-&A$/:-)HCS$;

7"62; " HH&> P $H2I& 5 W=$&I"-; +()-$H&+$%(,)"-

mT=7nP Zmzl

= [Wwina 7"-lose] 0.7 03| = [Wwina Wlose] s Twin T Tlose = 1
0.4 0.6

"8,
7 = [0.5714, 0.4286]



|(+B"=&":()-&A$/:-)HCS$;

7"62; " HH&> P $H2I& 5 W=$&I"-; +()-$H&+$%(,)"-

mT=7nP Zmzl

= [Wwina 7"-lose] 0.7 03| = [Wwina Wlose] s Twin T Tlose = 1
0.4 0.6

"8,
7 = [0.5714, 0.4286]

W%,$+-(,)=$1&6,$+(,$&,"&/"92C,$&;"%C,)"-

n n mn

p
0.8000, 0.2000

0.6400 , 0.3600
0.5920 , 0.4080)
0.5776 , 0.4224]

p L n p
0.5733, 0.4267] || 8 [0.5714, 0.4286]
9

0.5720, 0.4280] 0.5714 , 0.4286]
0.5716, 0.4284] || 10 [0.5714, 0.4286]
0.5715, 0.4285]

W — O3

NO O A3

D.,26/
@ L"+9;&%(;):84"+&!(+B"=&"()-&!"- $&'(+%"& 1" & $/:-)HC$:
@ a"(%I&/"-:,+C/l,&/:(0)-:&G":$&:,(,)"-(+0&#);,+)*C,)"-&):&,:$&2"; $+)"+&#$-:),0



I(+B"=&":()-&!"- $& (+96" &S, " H;

),1",2A8/&!(+B"=8&/:()-&;)9C%(,)"-&C;$#&G:$-&),&);&)92";;)* % $0&"+&
["92C,(,)"-(%%08&2+")*),)=$0&,"&;(92%$&HE#)+$/,%08&4+"9

_ m(v|g)mo(q)
m(qlv) = Jew 7(0]q) 0 (q)dg

e Create a Markov process whose stationary distribution is 7(g|v).

D.,2/

@-&\(+B"=&/:()-&,:$"+00&8 G $&(+$83)=$-&(&!(+B"=&/:()-0&10&(-#&G$&
[*-; +Cl,&),:&$HC)%)*+)C&H):,+)*C,)"-D

@-&!"'&,:$"+00&G & (+$8AR)=$-AY&H);,+)*C,)"-&(-#&C$&G(-,&,"&/"-;,+C/,&
(&I(+B"=&/:()-&,:(,&):&+$=$+:)*%$&G), &+$;2$/,&,"&),D



"HS%& (Y6)*+(,)"-& 1+"*%$9

E664*$,+.5/& W::C9$&,:(,&95(;C+$9$-, &$++"+:&(+$8))#&(-#&& N (0, 0?)

“ ' ' ' ' 0.3
1.5} l e
i ) : 047 s
g 05 ‘_3 o :
?ii 0 E'O-h‘i‘x:
° -0.5¢ 02 ‘.--t.x.;.* . “x
£
At 0.3
15 < : : . 04 ‘ . ‘ ‘
° 1 2Time (s) ’ ‘ > ’ 1 2Time (s) ’ ‘ °
F+B2#+%..:/
_ _ —8S, /202
7T(U|Q) T L(Q70|U) T (27T0'2)n/26 o/
G:$+%
n
2
55q = Z i — fi(q)]
1=1

):&,:$&;C9&"4&;HC(+$;&$++"+D



I(+B"=&":()-&!"- $&' (+9%6" &S, " H;

-2521"#&),1",2A8/
¥ Current value: X;_; = ¢~¢!
e Propose candidate ¢* ~ J(q*|¢®~!) from proposal (jumping) distribution
o With probability «(q*, ¢*~1), accept ¢*; i.e., Xi = ¢*

e Otherwise, stay where you are: X = g¢' 1

G5,4+,+.5/&5/(%%&,:(,
m(v|q)mo(q)

) = T g mo(a)dg
where
L ("|g) = 1 g Xii[vit (@) 207 _ 1 g SSq/ 207
! - (2|# 2)n/ 2 - (2|# 2)n/ 2
[ p"# .

|: $ |: 0 & " |: $ ||I 0% & )



I(+B"=&"()-&!"-, $&'(+%"&!$,:"#;
G5,4+,+.5/& |/'p# T

.!$ w058 " ':$ nO&
e Consider r(q"|¢*™") = N = Siietrnae

o Ifr <1< w(v|g*) < w(v|gh~1), accept with probability o = r
o If r > 1, accept with probability oo = 1

D.,2/&<(++"G$+&2+"2";(%&#);,+)*C,)"-&0)$%#;&:)3:$+&2+"*(*)%),0&"4&(//$2,(-/$D



I(+B"=&":()-&!"- $&' (+9%6" &S, " H;

D.,2/&<(++"G$+&2+"2";(%&#);,+)*C,)"-&0)$%#;&:)3:$+&2+"*(*)%),0&"4&(//$2,(-/$D

J(g*lgk ) J(g*lgk™)
* /( da)
q* /( Pa) % q*
(@) (@)
. 3_ 2 1y 3_4
a'=q* e, *a3=q al=q* , a3
0 q _q q2=q1
¢q Oqo
158 1.58
156! | 1.56
3 1.54) \ © 1.54;
S g
5 ] - 152, |
() 4
5 195 ’ % 1.5 j‘ -
& 148 L ]
1.46 1.46
144 2000 4000 6000 8000 10000 1.44 ‘ ‘ ‘ ‘
Chain Iteration “*0 2000 4000 6000 8000 10000

Chain lteration



2(+(9%,9+&;2(/%

1+"2"(%8&8);,+)*C,)"-

@1.$.6"#&H+6,1+;4,+.5/8)3-)4)/(-,%08&(44%/,:&9)?)-3
A\ &G)HSIRA"&I(-082")-,;8&+$IB/, SH&(-H&/:()-&:,(0;&:,)%%&A"+&%"-382%+)"#:N
@N"&-(++"GIEW/I$2,(-/$&+(,)"8):8:)3:&*C,&(%3"+),:98):&:%"G&, "&$?2%"+$&

@HS(%%008&),&;:"CUH#&: (=S&ANPS(HBY'&2"; $+)"+8&#);,+)*C,)"-D

/(ql P

-
7’

2 (grigin

/__
]
1
\
Ay
~
~

(@)

1+"*%$9l

@V-);" +"2)/&2"; $+)"+O&);" +"2)/&

2+"2":(%N

@44)/)$-/08&-"-C-)4"+9&4"+&
#)445+%- &2(+(9%,$+;

7$:C%,I
@$/"=$+;&$44)))$-/0&"4&
C-)=(+)($&/(;$



1+"2"(%8&8);,+)*C,)"-

@1.9.6"#&H+6,1+;4,+.5/8G"&*(;)/&(22+"(/:$;

" B-#$2$-#$-,&1$,+"2"%);
@ (-#'9&G(%B&_%"/(%&!$,+2"%);
¢ =q¢"""+ Rz
" AG'8_"A&;$=$+(% &L")/$ ~ N(0,1)
i) R=cl = ¢ ~ N(qk_l,cl)
(ii) R = chol(V) = ¢* ~ N(qk_l’ V)

_ 53-)),)=),0&!(,+)?&
G:$+
$+$ , - /1'"—;,+C/,$#&"—& I"#( O
V=0, [X (QOLS)X(QOLS)} X (Gors) = dfi(qors)
5 1 - 2 ok
Oors = I Z[Ui_fi(QOLS)]
P il R (grIgki




7(-#"98C(%B&!$, +"2"%);8\W%%3"+),:984"+&1(+(95,$+&>;,)9(,) -

1. Set number of chain elements M and design parameters ng, o,
2. Determine ¢° = argmin, Zivzl[vi — fi(q)]?

3. Set 55,0 = S°N [vi — £:(q°))?

SS o

4. Compute initial variance estimate: s§ = -

5. Construct covariance estimate V = s2[X 7 (¢°)X (¢°)]~! and R = chol(V)

6. Fork=1,--- M

(a) Sample z ~ N(0,1)

(b) Construct candidate ¢* = ¢*~' + Rz,

(c) Sample u, ~ U(0,1)

(d) Compute SS, = oV [v; — fi(g*)]?

(e) Compute
alq*lg" )

() If uy, < a,
Set ¢* = ¢* , SSx =SSy

= min (1, e_[SSQ*_Squ—l]/QSi—l)

else
Set qk = qk_l , Squ = Squ_l
endif
(9) Update s ~ Inv-gamma(aq;, byar) Where
aval = 0.5(ns + 1), byar = 0.5(nso; + SS,)

Parameter Value

2000

4000 6000 8000 10000
Chain lteration



8$Y6(0SH&TSIS/,)"-QWH(2,)=$&!$,+"2"%):8 8TWI
E:"$,+C2&92,1.$.#+6/&
@ 2H(,$&1:()-&1"=(+)(-/$&I(,+)?&(:&/: ()-&=(%CS:&(+$&(//$2,$H#D
Vi = spcov(qo, ¢t aaagt” ) + ',

@ Diminishing adaptation (-#&bounded convergenc$&+$HC)+$#&;)-/$&-"&%"-3$+&!(+E
[:()-D

@ >92%"0&+$/C+;)=$&+3%(,)"-;

| k

_ ' i
q}<_k+1. d
1=0
k! 1
kK+1 "k _ k+1
_ k 11 1 K
_k+1qk K+1]
_kl'1




"(0-&"-=$+3%$-/$& KC+- B-

=21%5+3426/ o
@ V);C(%%08&/:$/B&/:()-; 1,56
© 1.54/ |
@ 5,(.);)/(%&.3;,; 21.52M
@ E4,%$-&(*C;$#&)-&,:$&%),$+(,C+$ e 15 |
0 1.48} :
1.46
1'440 20‘00 4060 60‘00 80‘00 10000
0.07f ' ' ! Chain lteration
0.06| "(0)-&",&/"-=$+3%#
0.05
0.04}
0.03
0.02}
0.01
0 0.5 1 15 2
x 10°

(-84 +&-"H$-)4) (*%$&2(+(9$,$+



8506(0$#H& 7SI/, -&WH(2,)=$&!$,+"2"%):& 87W!'
J2;6+,26
@,,2:1\\+:9).:D9(,:D-/:CD$# Q.JdA6W\'UWI1A>7e\)-#$?d/:(2,$+eD:,9%
@..2 \\:$%)";:D49)D4)\f%()-$9(\9/9/\
>?"*$H26
@ ?(92%%; "-&C;)-3&,:3&,"%*"?&4"+&;"9%&;,(,); )(%&2+"*%3$9;D&



http://www4.ncsu.edu/~rsmith/UQ_TIA/CHAPTER8/index_chapter8.html
http://helios.fmi.fi/~lainema/mcmc/
http://helios.fmi.fi/~lainema/mcmc/examples.html

83596 (0$H&TSIS/,)-&WH(2,)=$8!$,+"2"%):& 87TW!'

c$&4),&,: $&!"-"#8&9"#$%
1
> +1
S&"*$+=(,)"
?& 93&\&M&'E8 1&&Se&&&&QYE&&EEET&EE&NNY &&E&NTE&&&SSY&&&TXY
0& h&\&:'1&&&&&&&YDYQT&YDYQY&YDhhS&YDhYg&YDYii&YDhSS&YDhSg
L)+;,&/%$(+&;"9$&=(+)(*%%$;&4+"9&2":;)*%$&2+$=)"C;&+C-;D
1%$(+&H#(,(&9"#$%&'"2,)"-;
<$?,08/+5(,$&(&H#(,(&;,+C/,C+$&A"+&,:$&"*;$+=(,)"-; &(-#&/"- ,+"%&=(+) (*%$;D&A02)/(%
["C%#&9(B$&(&;,+C/,C+S&H#(,(&,:(,&/"-,()-;&4) $%#; & 2#(, (&(-#&O0#(,(D
#(,(D?#(,(&P&jSe&8&8&90&&&&ET&&&&KNNY &&&NTE&&&SSY&&&TXGKIN&&&Z&?& 93&\&M&'ES
#(,(DO#(,(&P&YDYgT&YDYQY&YDhhS&YDhYg&YDYii&YDhSS&YDhSgkIN&Z&0& h&\&:
" +C/,&9"#%$%
9"#$%4C-&P&m_?0,:$,('&,:$,(_ h'n?D\_,:$,(_ S'0?'N&
AC-&P&m_,:$,(O#(,(&;C9__ #(,(DO#(,@"#$%4C- #(,(D?#(,(0,:$,("DpS’N
9"#$%D;;4C-&P&;;4C-N&
9"#$%D;)39(S&P&YDYhpSN

y= 14 +" ., "1 N(O,I#%



83596 (0$H&TSIS/,)-&WH(2,)=$8!$,+"2"%):& 87TW!'

6-2C,&2(+(9%,%+;
2(+(9;&P&q&
gl,:$,(hl0&,9)- h O&Yr
gl,:$,(SI0&,9)- STO&Yr&rN
(-#&:9$,&"2,)";
"2,)"-:D-;)9C&P&[YYYN&
"2,)"-:DC2#(,$;)39(&P&hN&
"2,)"-:DH/"=&P&,/"=N&
71C-&/["#$
+$:0/:()-0;S/:()-k&P&9/9/+C-_9"#$%O#(,(02(+(9;0"2,)"-;’'N

MCMC status

Generating chain, eta: 0:00:04

i:1900 adapting (19.42,23.00,0.00)

Cancel




83596 (0$H&TSIS/,)-&WH(2,)=$8!$,+"2"%):& 87TW!'

theta 1
T

1%",&+$:C%,:
4)3C+$_S N&/%4&
9/9/2%",_/:()-OjkO+$:0l/:()-2(-$%I'N
4)3C+$_T N&/%4&
0/9/2%",_/:()-OjkO+$:;012()+;I'N

350

300 -

250 +3

200 +

eta2

150 -

100

50+

400

300

200

1002

I 1 1 h L * 1 I
500 1000 1500 2000 2500 3000 3500 4000

>P"*$H26/&
@ 53=$+(%&(=()%(*%$&)-&"'d>SWI1M>5
@ E8>&:"%=$+&)%%C;,+(,$#&)-&(%3($&$?(92¢



83596 (0$H&TSIS/,)-&WH(2,)=$8!$,+"2"%):& 87TW!'

o +Cf &I+ SH)USE(H&2+SH)])"-&)-, $+=(%:
4)3C+$_g N&/%A&
"C,&P&9/9/2+$# +$;0/:()-OjkO?209"#$%4C-"N&
0/9/2+$#2%",_"C,'N
UHE"-&
206", #(,(D?#(,(O#(,(DOH#(,(Ol:' N&Z&HH&H(,(8&2")-,:8,"&,:$82%" &
2%(*$%_1?&j93\M&'ESKI'N&
0%(*$%_10&jh\:kI'N& ovo___ Pretiive ovelopesof the model
& A& ol
).%$_|1+$#)/,)=$&$-=$%"2%$;&"48&,:$&9";

1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
% [mgll COD]



87W!&4"+&567&>?(92%$
SIR Model:

ds
dt
dI
dt
dR

ar rl —oR , R(0) = Ro Recovered

=0N — 930S — kIS , S(0) =5 Susceptible

= kIS — (r+06)I , I(0)=1I Infectious

Note: Parameter setgq=1[!,k,r, "] is not identibable

J2:6+,2
@.,2 \:$%)":D49)DA)\f%()-$9(\9/9/\
@,,2;I\\ +;9),:D9(,:D-/;,CD$#C



http://helios.fmi.fi/~lainema/mcmc/

Number of Infectious

87WI&A"+85678>?(92%$1&7$:C%,:

1000

800

600¢

4007,

200

0.8

06

0.8

0.6

0.75

0.7

0.6t

055

0.65f,_°.

0.22

0.2}

gamma

S 1000
>
o
=

= 800
S
o

3 600}
o
©
C

S 400
©
T
o

§ 200

k3] {
9
[

%

ok

03

0.2

0.1

-

0.25

delta

0.15

0.1

wiind

02 04 06 08

01 02 03 04 05

055 0.6 065 0.7




567&W:;;)3-9%-,
3 Parameter SIR Model:

§: INT IS1 "IS  S(0)= S, Susceptible
% ="IS ! (r+ 1)l L1 (0) = g Infectious
C;—T =rl ! IR , R(0) = Ry Recovered

Note: Parametersetg=[!,r, "] is now identibable

Assignment:

@ odify the posted 4 parameter code for the 3 parameter model. How do your
chains and results compare?

@Consider various chain lengths to establish burn-in.

@Construct and incorporate the covariance matrix based on the sensitivity
matrices. See Alun LloydOs Tutorial.



