
!"#$%&'(%)*+(,)"-&(-#&.-/$+,()-,0&1+"2(3(,)"-&
4"+&(-&567&!"#$%

!"#$%&'(&)*+,%
8$2(+,9$-,&"4&!(,:$9(,)/;

<"+,:&'(+"%)-(&5,(,$&.-)=$+;),0

dS

dt
= �N � �S � �kIS , S(0) = S0

dI

dt
= �kIS � (r + �)I , I(0) = I0

dR

dt
= rI � �R , R(0) = R0

SIR Model



567&8);$(;$&>?(92%$
SIR Model:

dS

dt
= �N � �S � �kIS , S(0) = S0

dI

dt
= �kIS � (r + �)I , I(0) = I0

dR

dt
= rI � �R , R(0) = R0

Susceptible

Infectious

Recovered

Note: Parameter set q = [ ! , k, r, " ] is not identiÞable

Objectives: Employ Bayesian analysis for

@ Parameter selection

@ Model calibration

@ Uncertainty propagation



5,(,);,)/(%&6-4$+$-/$

-."#/& A:$&3"(%&)-&;,(,);,)/(%&)-4$+$-/$&);&,"&9(B$&/"-/%C;)"-;&(*"C,&(&
2:$-"9$-"-&*(;$#&"-&"*;$+=$#&#(,(D

0123425,+6,/&E*;$+=(,)"-;&9(#$&)-&,:$&2(;,&(+$&(-(%0F$#&G),:&(&;2$/)4)$#&
9"#$%D&&7$;C%,&);&+$3(+#$#&(;&/"-4)#$-/$&(*"C,&;,(,$&"4&+$(%&G"+%#D

@1+"*(*)%),)$;&#$4)-$#&(;&4+$HC$-/)$;&G),:&G:)/:&(-&$=$-,&"//C+;&)4&
$?2$+)9$-,&);&+$2$(,$#&;$=$+(%&,)9$;D

@1(+(9$,$+&>;,)9(,)"-I&

" 7$%)$;&"-&$;,)9(,"+;&#$+)=$#&4+"9&#)44$+$-,&#(,(&;$,;&(-#&(&;2$/)4)/&
;(92%)-3&#);,+)*C,)"-D

" 1(+(9$,$+;&9(0&*$&C-B-"G-&*C,&(+$&4)?$#&(-#&#$,$+9)-);,)/D

7"826+"5/&6-,$+2+$,(,)"-&"4&2+"*(*)%),0&);&;C*J$/,)=$&(-#&/(-&*$&C2#(,$#&G),:&
-$G&#(,(D

@1(+(9$,$+&>;,)9(,)"-I&1(+(9$,$+;&(+$&/"-;)#$+$#&,"&*$&+(-#"9&
=(+)(*%$;&:(=)-3&(;;"/)(,$#&#$-;),)$;D



K(0$;)(-&!"#$%&'(%)*+(,)"-

7"826+"5&9.:2#&'"#+;1",+.5/&

@ 1(+(9$,$+;&(;;C9$#&,"&*$&+(-#"9&=(+)(*%$;

7"826<&=%2.12*/

P (A|B) =
P (B|A)P (A)

P (B)

>?"*$#2/& '")-&L%)2

⇡(q|�) = ⇡(�|q)⇡0(q)R
Rp ⇡(�|q)⇡0(q)dq

! i(!) =

⇢
0 , ! = T

1 , ! = H

M)B$%):""#I

⇡(�|q) =
NY

i=1

q�i(1� q)1��i

= q
P

�i(1� q)N�
P

�i

= qN1(1� q)N0

1";,$+)"+&G),:&<"-)-4"+9(,)=$&1+)"+I

⇡(q|�) = qN1(1� q)N0

R 1
0 qN1(1� q)N0dq

=
(N + 1)!

N0!N1!
qN1(1� q)N0

⇡0(q) = 1



K(0$;)(-&!"#$%&'(%)*+(,)"-

7"826+"5&9.:2#&'"#+;1",+.5/&

@ 1(+(9$,$+;&/"-;)#$+$#&,"&*$&+(-#"9&
=(+)(*%$;&G),:&(;;"/)(,$#&#$-;),)$;D&

@1.;#2*/&

@ E4,$-&+$HC)+$;&:)3:&#)9$-;)"-(%&)-,$3+(,)"-N

o $D3DO&2&P&QRST&4"+&U6V&9"#$%

o 2&P&:C-#+$#;&,"&,:"C;(-#;&4"+&;"9$&
9"#$%;

),1",2A+26/&

@ 5(92%)-3&9$,:"#;

@ 52(+;$&3+)#&HC(#+(,C+$&,$/:-)HC$;

⇡(q|�) = ⇡(�|q)⇡0(q)R
Rp ⇡(�|q)⇡0(q)dq



!(+B"=&':()-&A$/:-)HC$;

9"1B.C&'%"+5/&5$HC$-/$&"4&$=$-,;&G:$+$&/C++$-,&;,(,$&#$2$-#;&"-%0&"-&%(;,&=(%C$D

7"62;"##/&

@ W;;C9$&,:(,&,$(9&G:)/:&G"-&%(;,&3(9$&:(;&XYZ&/:(-/$&"4&G)--)-3&-$?,&3(9$&
(-#&TYZ&/:(-/$&"4&%";)-3&-$?,&3(9$D

@ W;;C9$&%";)-3&,$(9&G)-;&[YZ&(-#&%";$;&QYZ&"4&-$?,&3(9$;D

@ 1$+/$-,(3$&"4&,$(9;&G:"&G)-\%";$&-$?,&3(9$&3)=$-&*0

@ ]C$;,)"-I&#"$;&,:$&4"%%"G)-3&%)9),&$?);,^

States are S = {win,lose}. Initial state is p0 = [0.8, 0.2].

0.7 win lose

0.4

0.3

0.6

p1 = [0.8 , 0.2]

0.7 0.3
0.4 0.6

�
= [0.64 , 0.36]

pn = [0.8 , 0.2]

0.7 0.3
0.4 0.6

�n



!(+B"=&':()-&A$/:-)HC$;

7"62;"##&>?"*$#2/& 5"%=$&/"-;,+()-$#&+$%(,)"-

⇡ = ⇡P ,
X

⇡i = 1

) [⇡win , ⇡lose]

0.7 0.3
0.4 0.6

�
= [⇡win , ⇡lose] , ⇡win + ⇡lose = 1

,"&"*,()-

⇡ = [0.5714 , 0.4286]



!(+B"=&':()-&A$/:-)HC$;

7"62;"##&>?"*$#2/& 5"%=$&/"-;,+()-$#&+$%(,)"-

⇡ = ⇡P ,
X

⇡i = 1

) [⇡win , ⇡lose]

0.7 0.3
0.4 0.6

�
= [⇡win , ⇡lose] , ⇡win + ⇡lose = 1

,"&"*,()-

⇡ = [0.5714 , 0.4286]

W%,$+-(,)=$I&6,$+(,$&,"&/"92C,$&;"%C,)"-

n pn n pn n pn

0 [0.8000 , 0.2000] 4 [0.5733 , 0.4267] 8 [0.5714 , 0.4286]
1 [0.6400 , 0.3600] 5 [0.5720 , 0.4280] 9 [0.5714 , 0.4286]
2 [0.5920 , 0.4080] 6 [0.5716 , 0.4284] 10 [0.5714 , 0.4286]
3 [0.5776 , 0.4224] 7 [0.5715 , 0.4285]

D.,26/

@ L"+9;&*(;);&4"+&!(+B"=&':()-&!"-,$&'(+%"&_!'!'`&,$/:-)HC$;

@ a"(%I&/"-;,+C/,&/:()-;&G:";$&;,(,)"-(+0&#);,+)*C,)"-&);&,:$&2";,$+)"+&#$-;),0



!(+B"=&':()-&!"-,$&'(+%"&!$,:"#;

),1",2A8/&!(+B"=&/:()-&;)9C%(,)"-&C;$#&G:$-&),&);&)92";;)*%$O&"+&
/"92C,(,)"-(%%0&2+":)*),)=$O&,"&;(92%$&H&#)+$/,%0&4+"9

D.,2/

@6-&!(+B"=&/:()-&,:$"+0O&G$&(+$&3)=$-&(&!(+B"=&/:()-O&1O&(-#&G$&
/"-;,+C/,&),;&$HC)%)*+)C9&#);,+)*C,)"-D

@6-&!'!'&,:$"+0O&G$&(+$&Aþ3)=$-Aÿ(&#);,+)*C,)"-&(-#&G$&G(-,&,"&/"-;,+C/,&
(&!(+B"=&/:()-&,:(,&);&+$=$+;)*%$&G),:&+$;2$/,&,"&),D

⇡(q|�) = ⇡(�|q)⇡0(q)R
Rp ⇡(�|q)⇡0(q)dq

• Create a Markov process whose stationary distribution is ⇡(q|�).



E664*$,+.5/& W;;C9$&,:(,&9$(;C+$9$-,&$++"+;&(+$&))#&(-#&&

!"#$%&'(%)*+(,)"-&1+"*%$9

"i ⇠ N(0,�2)

F+B2#+%..:/

⇡(�|q) = L(q,�|�) = 1

(2⇡�2)n/2
e�SSq/2�

2

SSq =
nX

i=1

[�i � fi(q)]
2

);&,:$&;C9&"4&;HC(+$;&$++"+D

G:$+$



!(+B"=&':()-&!"-,$&'(+%"&!$,:"#;

-2521"#&),1",2A8/

G5,4+,+.5/&7$/(%%&,:(,

¥ Current value: Xk�1 = qk�1

• Propose candidate q⇤ ⇠ J(q⇤|qk�1) from proposal (jumping) distribution

• With probability ↵(q⇤, qk�1), accept q⇤; i.e., Xk = q⇤

• Otherwise, stay where you are: X k = qk! 1

⇡(q|�) = ⇡(�|q)⇡0(q)R
Rp ⇡(�|q)⇡0(q)dq

! (" |q) =
1

(2!# 2)n/ 2
e!

Pn
i=1[�i! f i(q)] 2/ 2�2

=
1

(2!# 2)n/ 2
e! SSq / 2�2

!"#

$ "$"" %�ï&

'' "

"" %�ï&

�/ !�p

"



!(+B"=&':()-&!"-,$&'(+%"&!$,:"#;
G5,4+,+.5/&

D.,2/&<(++"G$+&2+"2";(%&#);,+)*C,)"-&0)$%#;&:)3:$+&2+"*(*)%),0&"4&(//$2,(-/$D

!"#

$ "$"" %�ï&

'' "

"" %�ï&

�/ !�p

"

• Consider r(q⇤|qk�1) = ⇡(q⇤|�)
⇡(qk�1|�) =

⇡(�|q⇤)⇡0(q
⇤)

⇡(�|qk�1)⇡0(qk�1)

� If r < 1 , ⇡(�|q⇤) < ⇡(�|qk�1), accept with probability ↵ = r

� If r > 1, accept with probability ↵ = 1



!(+B"=&':()-&!"-,$&'(+%"&!$,:"#;

D.,2/&<(++"G$+&2+"2";(%&#);,+)*C,)"-&0)$%#;&:)3:$+&2+"*(*)%),0&"4&(//$2,(-/$D

|q)*

=q*q1
=q*q2

=q2q3

q0

q*( |qk�ï1)J

�/(�pq
|q)

0

=q*q1

q2=q1
q3=q1

q* q*

q*( |qk�ï1)J
�/(�p

q
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1+"2";(%&8);,+)*C,)"-

@1.$.6"#&H+6,1+;4,+.5/&5)3-)4)/(-,%0&(44$/,;&9)?)-3

@A""&G)#$I&A""&9(-0&2")-,;&+$J$/,$#&(-#&/:()-&;,(0;&;,)%%&4"+&%"-3&2$+)"#;N

@A""&-(++"GI&W//$2,(-/$&+(,)"&);&:)3:&*C,&(%3"+),:9&);&;%"G&,"&$?2%"+$&
2(+(9$,$+&;2(/$

@6#$(%%0O&),&;:"C%#&:(=$&;)9)%(+&Aþ;:(2$ Aÿ,"&2";,$+)"+&#);,+)*C,)"-D

@W-);",+"2)/&2";,$+)"+O&);",+"2)/&
2+"2";(%N

@>44)/)$-/0&-"-C-)4"+9&4"+&
#)44$+$-,&2(+(9$,$+;

1+"*%$9I
7$;C%,I

@7$/"=$+;&$44)/)$-/0&"4&
C-)=(+)(,$&/(;$

�p)

1

q2

q1

q2q*( |qk�ï1) q*( |qk�ï1)

(a) (b)

J J�/ (q| �/ (q|�p)

q



1+"2";(%&8);,+)*C,)"-

@1.$.6"#&H+6,1+;4,+.5/&AG"&*(;)/&(22+"(/:$;

@':"";$&(&4)?$#&2+"2";(%&4C-/,)"-

" 6-#$2$-#$-,&!$,+"2"%);

@7(-#"9&G(%B&_%"/(%&!$,+"2"%);`

" AG"&_"4&;$=$+(%`&/:")/$;I&

q⇤ = qk�1 +Rz

(i) R = cI ) q⇤ ⇠ N(qk�1, cI)

(ii) R = chol(V ) ) q⇤ ⇠ N(qk�1, V )

G:$+$

�p)

1

q2

q1

q2q*( |qk�ï1) q*( |qk�ï1)

(a) (b)

J J�/ (q| �/ (q|�p)

q

V = �2
OLS

⇥
X T (qOLS)X (qOLS)

⇤�1

�2
OLS

=
1

n� p

nX

i=1

[�i � fi(qOLS)]
2

5$-;),)=),0&!(,+)?&b
'"-;,+C/,$#&"-& !"-#( 0

Xik(qOLS) =
@fi(qOLS)

@qk



7(-#"9&c(%B&!$,+"2"%);&W%3"+),:9&4"+&1(+(9$,$+&>;,)9(,)"-

1. Set number of chain elements M and design parameters ns,�s

2. Determine q0 = argminq
PN

i=1[�i � fi(q)]2

3. Set SSq0 =
PN

i=1[�i � fi(q0)]2

4. Compute initial variance estimate: s20 =
SSq0

n�p

5. Construct covariance estimate V = s20[X T (q0)X (q0)]�1 and R = chol(V )

6. For k = 1, · · · ,M
(a) Sample zk ⇠ N(0, 1)

(b) Construct candidate q⇤ = qk�1 +Rzk

(c) Sample u↵ ⇠ U(0, 1)

(d) Compute SSq⇤ =
PN

i=1[�i � fi(q⇤)]2

(e) Compute

↵(q⇤|qk�1) = min
⇣
1, e�[SSq⇤�SSqk�1 ]/2s

2
k�1

⌘

(f) If u↵ < ↵,
Set qk = q⇤ , SSqk = SSq⇤

else
Set qk = qk�1 , SSqk = SSqk�1

endif
(g) Update sk ⇠ Inv-gamma(aval, bval) where

aval = 0.5(ns + n) , bval = 0.5(ns�
2
s + SSqk)
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8$%(0$#&7$J$/,)"-&W#(2,)=$&!$,+"2"%);&_87W!`

E:"$,+C2&92,1.$.#+6/&

@ .2#(,$&/:()-&/"=(+)(-/$&9(,+)?&(;&/:()-&=(%C$;&(+$&(//$2,$#D

@ Diminishing adaptation (-#&bounded convergenc$&+$HC)+$#&;)-/$&-"&%"-3$+&!(+B"=&
/:()-D

@ >92%"0&+$/C+;)=$&+$%(,)"-;

Vk = spcov(q
0, q1, á á á, qk! 1) + ! Ip

Vk+1 =
k ! 1

k
Vk +

sp

k

!
køqk! 1(øqk! 1)T ! (k + 1)øqk (øqk )T + qk (qk )T + ! I p

"

øqk =
1

k + 1

k!

i =0

qi

=
k

k + 1
á

1
k

k! 1!

i =0

qi +
1

k + 1
qk

=
k

k + 1
øqk! 1 +

1
k + 1

qk
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@ V);C(%%0&/:$/B&/:()-;

@ 5,(,);,)/(%&,$;,;

@ E4,$-&(*C;$#&)-&,:$&%),$+(,C+$
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8$%(0$#&7$J$/,)"-&W#(2,)=$&!$,+"2"%);&_87W!`

J2;6+,26

@:,,2;I\\+;9),:D9(,:D-/;CD$# C\.]dA6W\'UW1A>7e\)-#$?d/:(2,$+eD:,9%

@:,,2 I\\:$%)";D49)D4)\f%()-$9(\9/9/\

>?"*$#26

@>?(92%$; "-&C;)-3&,:$&,""%*"?&4"+&;"9$&;,(,);,)/(%&2+"*%$9;D&

http://www4.ncsu.edu/~rsmith/UQ_TIA/CHAPTER8/index_chapter8.html
http://helios.fmi.fi/~lainema/mcmc/
http://helios.fmi.fi/~lainema/mcmc/examples.html


8$%(0$#&7$J$/,)"-&W#(2,)=$&!$,+"2"%);&_87W!`

c$&4),&,:$&!"-"#&9"#$%

,"&"*;$+=(,)"-;

?&_93&\&M&'E8`I&&Se&&&&gg&&&&eT&&&&hhY&&&hTe&&&SSg&&&TXg

0&_h&\&:`I&&&&&&&YDYgT&YDYQY&YDhhS&YDhYg&YDYii&YDhSS&YDhSg

L)+;,&/%$(+&;"9$&=(+)(*%$;&4+"9&2";;)*%$&2+$=)"C;&+C-;D

/%$(+&#(,(&9"#$%&"2,)"-;

<$?,O&/+$(,$&(&#(,(&;,+C/,C+$&4"+&,:$&"*;$+=(,)"-;&(-#&/"-,+"%&=(+)(*%$;D&A02)/(%%0&"-$&
/"C%#&9(B$&(&;,+C/,C+$&#(,(&,:(,&/"-,()-;&4)$%#;&?#(,(&(-#&0#(,(D

#(,(D?#(,(&P&jSe&&&&gg&&&&eT&&&&hhY&&&hTe&&&SSg&&&TXgklN&&&Z&?&_93&\&M&'E8`

#(,(D0#(,(&P&jYDYgT&YDYQY&YDhhS&YDhYg&YDYii&YDhSS&YDhSgklN&Z&0&_h&\&:`

'"-;,+C/,&9"#$%

9"#$%4C-&P&m_?O,:$,(`&,:$,(_h`n?D\_,:$,(_S`o?`N&

;;4C-&P&m_,:$,(O#(,(`&;C9__#(,(D0#(,(R9"#$%4C-_#(,(D?#(,(O,:$,(``DpS`N

9"#$%D;;4C-&P&;;4C-N&

9"#$%D;)39(S&P&YDYhpSN

y = ! 1
1

! 2 + 1
+ " , " ! N (0, I #2)
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6-2C,&2(+(9$,$+;

2(+(9;&P&q&

ql,:$,(hlO&,9)-_h`O&Yr

ql,:$,(SlO&,9)-_S`O&Yr&rN

(-#&;$,&"2,)"-;

"2,)"-;D-;)9C&P&[YYYN&

"2,)"-;DC2#(,$;)39(&P&hN&

"2,)"-;DH/"=&P&,/"=N&

7C-&/"#$

j+$;O/:()-O;S/:()-k&P&9/9/+C-_9"#$%O#(,(O2(+(9;O"2,)"-;`N



8$%(0$#&7$J$/,)"-&W#(2,)=$&!$,+"2"%);&_87W!`

1%",&+$;C%,;

4)3C+$_S`N&/%4&

9/9/2%",_/:()-OjkO+$;Ol/:()-2(-$%l`N

4)3C+$_T`N&/%4&

9/9/2%",_/:()-OjkO+$;Ol2()+;l`N

>?"*$#26/&

@ 5$=$+(%&(=()%(*%$&)-&!'!'d>sW!1M>5

@ E8>&;"%=$+&)%%C;,+(,$#&)-&(%3($&$?(92%$
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'"-;,+C/,&/+$#)*%$&(-#&2+$#)/,)"-&)-,$+=(%;
4)3C+$_g`N&/%4&

"C,&P&9/9/2+$#_+$;O/:()-OjkO?O9"#$%4C-`N&

9/9/2+$#2%",_"C,`N

:"%#&"-&

2%",_#(,(D?#(,(O#(,(D0#(,(Ol;l`N&Z&(##&#(,(&2")-,;&,"&,:$&2%",&

?%(*$%_l?&j93\M&'E8kl`N&

0%(*$%_l0&jh\:kl`N&

:"%#&"44&

,),%$_l1+$#)/,)=$&$-=$%"2$;&"4&,:$&9"#$%l`



87W!&4"+&567&>?(92%$
SIR Model:

dS

dt
= �N � �S � �kIS , S(0) = S0

dI

dt
= �kIS � (r + �)I , I(0) = I0

dR

dt
= rI � �R , R(0) = R0

Susceptible

Infectious

Recovered

Note: Parameter set q = [ ! , k, r, " ] is not identiÞable

J2;6+,2

@:,,2 I\\:$%)";D49)D4)\f%()-$9(\9/9/\

@:,,2;I\\ +;9),:D9(,:D-/;CD$#C

http://helios.fmi.fi/~lainema/mcmc/


87W!&4"+&567&>?(92%$I&7$;C%,;



567&W;;)3-9$-,
3 Parameter SIR Model:

Susceptible

Infectious

Recovered

Note:

dS
dt

= ! N ! ! S ! " IS , S(0) = S0

dI
dt

= " IS ! (r + ! )I , I (0) = I 0

dR
dt

= rI ! ! R , R(0) = R0

Parameter set q = [ ! , r, " ] is now identiÞable

Assignment:
@Modify the posted 4 parameter code for the 3 parameter model.  How do your 
chains and results compare?

@Consider various chain lengths to establish burn-in.

@Construct and incorporate the covariance matrix based on the sensitivity 
matrices.  See Alun LloydÕs Tutorial. 


