Global Sensitivity Analysis
Reading: Chapter 15

Example: Portfolio model Take
C1 — 2, Cy =— 1

Y =c1Q1 +c2Qs Q1 ~ N(0,0?) with o, = 1

Note: Qy ~ N(0,03) with o1 = 3
e Q; and Q- represent hedged portfolios

e ¢, and ¢y amounts invested in each portfolio
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Morris Screening

Example: Consider uniformly distributed parameters on T = [0,1]?
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Elementary Effect:
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Global Sensitivity Measures: r samples
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Morris Screening

Strategy: For each index j = 1,--- ,r, sample a seed values ¢* € p,(q) and specify
p + 1 parameter values required to approximate p elementary effects using
random orientation matrix

X E 3 A E 3 X
B* = [Jp1119¢" + 9 (2B — Jpt1,p) D* + Jpt1,p| P

e D*: p x p diagonal matrix with elements in {—1,1}
e P*: Randomly permute columns of p x p identity

e B: (p+ 1) x p strictly lower triangular matrix of ones
e J: (p+ 1) x p matrix of ones

Example: £ =2, /=4, A =2/3. Seed Value: ¢* =[1/3,1/3]
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Random Orientation Matrix:



Variance-Based Methods
Sobol Representation: For now, take @, ~(0,1) and T" = [0, 1]?
Take
f(q fo+Zfz @)+ D, filg,q)

1<i<ji<p
subject to

1 1 1
/0 fi(Qz')dquZ/o fz‘j(qz',qj)dqz'Z/O fij(@i,q;)dg; =0

to ensure

/fi(Qi)fj(Qj)inde:/fi(qi)fij(qi,qj)dqidqj _0
r |

Then Notation: i = [q17 oy qi—1,9i+1, " 7QP]

fo = /F f(g)dg

fi(gi) = f(g)dg~: — fo

el

fii(gi,q5) = fl@)da~gijy — fila) — fi(g;) — fo

T'p—2



Variance-Based Methods

Notation:
E(Y|g) = ] | fla)dg..
E(Y|g;,q;) = - f(@)da~yijy
Note:
fo=E(Y)

filg:) = E(Y|q:) —
fii(gi, a5) = E(Y|qi, q5) — fi(a:)
Total Variance:

D =var(Y) = /rfz(q)dq — f¢
Partial Variances:
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Variance-Based Methods
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Global Sensitivity Analysis

Example: Sobol function Y
p '
e 1;11 W BRRU= I4Qi1_+2lz-+ - _ BN

where a; > 0 are fixed, deterministic coefficients ° 0_;

that determine relative importance of parameters. 0.6l e
Note: For @, ~4(0,1),s=1,--- ,p. 0'40 R —— 08 wo:

G
D; = var[E(Y|q;)] = m

D=var(Y)=-1+ ﬁ(l + D;)




Global Sensitivity Analysis

Q1 Q2 Q3 Q4 Qs Q6

78 12 0.5 2 97 33
53x107% 2.0x107% 15x107! 3.7x1072 35x107° 29x10~*
28x107% 1.0x1072 77x107! 19x107!' 18x10% 15x10°3
Sr, | 3.3x107% 12x107%2 80x107! 22x107! 21x107* 1.8x1073

Sobol Indices:

Cl)p@

Morris Indices: With £ =4,A = 2,r =4

Q1 Q2 Q3 Q4 Qs Qe
uw; —0.006 —-0.078 —-0.130 —-0.004 0.012 —-0.004
pi  0.056 0.277 1.760 1.185 0.035 0.099
; 0.064 0.321 2.049 1.370 0.041 0.122




Global Sensitivity Analysis

Example: Spring model
d?z
dz

2(0) =1, %(0) =0

Responses: For g = [k,m], consider

({52
y = /Om cos (\/gt) dt = %



