Thin Beam Models

"He is a self-made man and worships his creator,” John Bright



Motivating Applications

THUNDER: THin layer UNimorph DrivER
and sensor

’i MFC Actuator

@/THUNDER

Polyimide

Copper
Electrodes

Polyimide
Membrane Mirror

PZT Epox
Fiber poxy



Motivating Applications

Unimorphs: e.g., actuation for micro- Figure 2. Bimorph

robotics .
piezoelectric 1
| pigzoelectric 2

Energy Harvesting:




Modeling Assumptions

Physical Assumptions:
» Consider only motion in the x-direction
» Small displacements which permits linear theory
 Planar cross-sections remain planar during bending

* Negligible shear deformations (thickness is small
compared with the length)



Force and Moment Balance

Notation: w(t,z) f(t,x)
p: Density (kg/m?) T T
v: Air damping coefficient i """"""""""""""""""" T
Y: Young’s modulus Q(t, ) Qt z+ Az)

c: Kelvin-Voigt damping coefficient
Q(t,z): Shear resultant
M (t,z): Bending moment

Force Balance:

z+Azx 2 z+Azx z+Azx
/ phb aag(t s)ds = Q(t,x + Ax) — Q(t,z) + / f(t,s)ds — ’y/ 88_1;)@’ s)ds
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Moment Balance: A
M(t,x+ Azx) — M(t,x) — Q(t,z + Az)Az — / ft,s)(s —z)dz =0
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Constitutive and Kinematic Relations

Force and Moment Balance:

O2w ow O0*’M
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Constitutive and Kinematic Relations:
e Assumption 1: Negligible internal damping
c=Ye
e Assumption 2: Stong internal damping
oc=Ye+ce

Assumption 1:
e =kK(z — zp) = kz if symmetric

h/2
M = Ykz2dz
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= kYI where I = —
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Constitutive and Kinematic Relations

Note
0w
0x?
Moment:
(92
M = —YI—
0x?

Model (Assumption 1):
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Boundary Conditions

1. Cantilever: Fixedatz =0, freeat z = ¢

w(t,0) = g—:(t, 0)=0

M(t,0) = Q(t,£) = 0

2. Pinned at Both Ends:
w(t,0) = M(t,0) =0

w(t, £) = M(t, ) =0



Weak Formulation -- Cantilever Beam

State Space:
X =L*0,%)

¢
(.9)x = [ phbugdo
0
Space of Test Functions: Cantilever beam

V = H(0,£) = {¢ € HX(0,£)] $(0) = ¢/(0) = 0}
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. / Y Iy ¢ da
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Weak Formulation: Multiply by test functions and integrate by parts to get
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Weak Formulation -- Cantilever Beam
Hamiltonian Formulation: Kinetic and potential energies

1

¢
K = —/ phbw?(t, z)dx
2 Jo

¢
U= 1/ YIw? (t,z)dx
2 Jo

Action Integral:

t1
A= | [K-Udt

to



Analytic Beam Model Solution

Consider:
02w O*w
—— 4+YI— =0
p ot? + Oz

Separation of Variables:

w(t,xz) = X(x)T'(t)

T(t) X" (z)
P T X (@)
Thus
T(t) + %T(t) =0 YIX"(z) = aX(z)
Initial Conditions Boundary Conditions

i _ _ o B a \ 1/4
General Solutions: 2 = i = (ﬁ)
T(t) = Acos(2t) + Bsin(2t)
X (z) = acos(éx) + beosh(éx) + csin(éx) + dsinh(éx)



Analytic Beam Model Solution

Pinned End Conditions:

w(0,t) = w"(0,t) = w4, t) = w"(£,t) =0

X(0) = X"(0) = X(£) = X" (£) = 0

Thus
a=b=d=0
and )
a\/4% nr
e=(v1) =7
ni

= o, =YI (7)4

Eigenfunctions and Frequencies:

nwIT Y I n2n?
X =sin [ — Q, =4/ —
n(T) sm( i ) : n =1/ PR




Analytic Beam Model Solution

Cantilever End Conditions:
w(0,t) = w'(0,t) = w"(¢,t) =w" (£,t) =0
X0)=X'0=X"6)=X")=0
Here

a=—b,c=—d

cos(&4) 4+ cosh(&4)  sin(&4) + sinh(&X) ] [ b ] _ [
—sin(&4) + sinh(&4)  cos(&€) + cosh(&4) d

Strategy: Numerically determine &,, that yield |A| =0



Galerkin Method for Beam Model
Weak Formulation: See Section 8.3 of Smith, 2005
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forall ¢ € V = HZ(0,4)

Basis:
b:(z) = do(z) — 2¢_1(x) — 2¢1(x) , j=1
? b;i(@) , j=2,...,N+1
where
((z—=j-2)°, € [zj-2,2-1)
h3 + 3h2($ — mj—l) + 3h($ — .'.L'j_1)2 — 3(:17 - LEj_l)S , T € [LBj_l,.'L'j
$;(z) = Idmsy 3h?(zj41 — 2) + 3h(zj41 — 2)% = 3(zj41 — 2)°, T € [25,7541)

(zj42 —2)®, € [Tj41,2542)

(0, otherwise



Galerkin Method for Beam Model

Approximate Solution:
N+1

w™ (t,z) = Z w;(t)p;(z)

System:
Mw+Qw +Kw=f+V(t)b

where

w(t) = [wi(t), ..., wn1(t)]"

and

¢
[M ] :/0 pP;pjdx

¢
[Q]3; =/0 (Y¢id; +cl¢§’¢;’] dzx

£
K] = /0 Y1¢!¢!dz
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