Aspects of Vector Calculus

“O could | flow like thee, and make thy stream
My great example, as it is my theme!
Though deep, yet clear, though gentle, yet not dull,
Strong without rage, without o'erflowing full”

Sir John Denham



Vector and Gradient Fields

Vector Fields: A vector field is a function that assigns a vector to each point in its
domain.

Examples:
» Wind speeds and directions on the surface of the earth
* Velocity of a moving fluid

 Electromagnetic fields

e Gravitational fields

Gradient Fields: The gradient field of a differentiable
function f(x,y,z) is the field of gradient vectors
of . 0f . of;




Conservative Fields and Potentials

Definition: Let F be a field defined on a domain D and suppose that for any
two points A and B in D, the work ff F - d' is the same over all
paths from A to B. Then the field F is conservative on D.

Examples:
e Gravitational fields
| | —>
* Flow fields B —» —> —»> A

Definition: If F is a field and F' = V f for some scalar function f, then f is a
potential function for F..

Example: Gravitational potential energy

U(z) = / mgdz = mgz
0



Divergence

Definition: The divergence (flux density) of a vector field is an operator that
quantifies the magnitude of a vector field’s source or sink at a point (x,y,z).

Mathematically, it is given by

divF =V -F

Divergent Wind m's
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Curl

Definition: If 7is a smooth curve in the domain of a continuous velocity field F,
the flow along the curve froma to b is

—> > >

b
FloWZ/F’-Tds. B>l =>1 —>A

If the curve is closed, the flow is termed the circulation around the curve.

(z,y+Ay)  (z+Az,y+ Ay)
Spin in 2-D: Consider the velocity field <

ﬁ(a:, y) = M(z,y)t + N(z,y))

_ (z,y) (z + Az, y)
Approximate Flows:

Top: F(z,y+ Ay) - () Az = —M(z,y + Ay)Az
Bottom: F(z,y) -iAz = M(z,y)Az

Right: F(z + Az ,Y) - JAy = N(xz + Az, y)Ay

Left:  F(z,y) - (—j)Ay = —N(z,y)Ay



Curl

Counter-clockwise Circulation (Right hand rule): Sum of flows
Top and bottom:

M
M@,y + d) - Mo y)ac~ - (G0 Ay) As
Right and left:
ON
NG +Az,y) - N p)lay ~ (51 Ac) Ay

Circulation Density:
Circulation around rectangle = 0N  0OM

Rectangle Area Y oy
K-Component of the Curl: Note: Irrotational if
(curlﬁ)-%z%];f—%]\; VxF=0
Example: F(a: Yy) =yl ., > >

VxF=—k B —» > —+ A




Green’s Theorem

Flux-Divergence Form: Let C be a piecewise smooth, simple closed curve
enclosing a region R in the plane and let ' = Mi + Nj. Then

]{F nds—?{Mdy Ndx—// (8M 8N) dxdy

Flux in/out of region Flux in/out of “micro”-region

Circulation-Curl Form:

]{F Tds—]{Mda:wLNdy—// (8N 8M> dxdy

“Macrocirculation” of F

“Microcirculation” of F

Equivalence:
e Application of firstto G; = N7 — M vyields second
e Application of secondto Gy = —Ni+ M} yields first



Curl

3-D Representation:

P 7k
UxF = |2 2 2
M N P
B <8P_8N)i+(8M_8P)A+(8N_8M)]%
N oy Oz 0z oz )’ Ox oy
Easy Result:

ik
VXVf= (% % :(fzy_fyz)i"*"(fzm_fmz)j‘f‘(fyx_fmy)]:v':g
of of
dy

T Tl =

Equivalent Statements:
e I’ conservative on D

o [ = VfonD
 §.F-di =0 overany closed path in D

e V x F =0 throughout D



“‘Big” Theorems

Normal form of Green’s Theorem: ]{ F - fds = / / V.- FdA
o;
R

Divergence Theorem: / / F - hdo = / / / V. FdV
S D

Tangential form of Green’s Theorem: ]{ F-df = // V x F-kdA
C
R

Stoke’s Theorem: ]{ F.df = / / V x F - ddo
C
S

S can change as long a C does not!

b
Fundamental Theorem of Calculus:  F(b) — F(a) = / C;—Fda:
. dx



Other Important Results
Note: See Appendix B of Text



