Analytic Techniques for Advection-Diffusion Equations

“Furious activity is no substitute for understanding,” H.H. Williams



Properties of Fourier Series

Fourier Series: Consider the representation
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for a 2L periodic, continuous function f(z). If the series converges
uniformly, it is the Fourier series for f(z).
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Properties of Fourier Series

Fourier Coefficients:
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Theorem: Suppose that f and f’ are piecewise continuous on the interval
—L < x < L. Further, suppose that f is defined outside the interval
—L < z < L so that it is periodic with period 2L. Then f has a

Fourier series
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with the above coefficients. The Fourier series converges to f(z) at all
points where f is continuous, and to [f(z+) + f(z—)]/2 at all points

where f is discontinuous (see Boyce and DiPrima).



Analytic Solution Techniques: Diffusion Equation

Recall: General advection-diffusion equation
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Diffusion Equation: Consider 2 =b=d =0
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p(t,0) = pr(t) , p(t, L) = pr(t)

0,z) = po(x
p(0,z) = po(z) po(z)

Simplifying Assumption: D constant, p(t) = pr(t) =0



Analytic Solution Techniques: Diffusion Equation

Separation of Variables: Consider solutions of the form
plt,x) = X (2)T(t)

= X (2)T(t) = DX"(2)T(t)
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Hence
X"(z) —eX(z) =0 -, T(t) = e¢DT(t)
X(0)=X(L)=0 = T(t) = aeP?

Note:
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If ¢ > 0, this implies that X (z) = k = 0. Thus ¢ < 0 so take c = —\2, A > 0.



Analytic Solution Techniques:

Boundary Value Problem:
X"(z) + XX (z)=0
X(0)=X(L)=0
Solution: X (z) = Acos(Ax) + Bsin(Ax)
X(0)=0=>A=0
X(L)=0= AL =nnr

Diffusion Equation

Thus
X, () = Bpsin(Az) , Ay = % B, #0
PDE Solution:
z Qn€ e~ DAnt sin( A, z)



Analytic Solution Techniques: Diffusion Equation

Initial Condition:

p(0,x) = Z ay, sin(A,z) = po(z)

n=1

L
= Qp = —/ po(x) sin(A\,x)dz
L Jo

Example: po(x) = sin(nz/L)
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Analytic Solution Techniques: Diffusion Equation

Forced Response:
pt = Dpgz + f(t, )
p(t,0) = p(t,L) =0
p(0,2) = po(z)

Consider solution of the form (variation of parameters)
— Zan(t —DXt tsin(Anz)
n=1

Expand force:
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where

fn(t) —DXt / f(t,x)sin(A,x)



Analytic Solution Techniques: Diffusion Equation

Assumption: Piecewise differentiation yields
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3" [0 (8) — DX2an(t) + DX2an(t) — fu(t)] e Pt sin(Anz) = 0
= 0 (t) = fa(t)

since a,(0) = Z/ po(z) sin(Apz)dx = ap
0

Formal Solution:
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Analytic Solution Techniques: Diffusion Equation

Special Case: Periodic source f(t,z) = f(z)e™*

Thus
nl(t)e nt sin(A,x)dx = ne
/ —DA;, f zwt A d f wt
where
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Formal Solution:
t CE) Zane D)2t 3111 na:) — Z D)\;F:— iwe—DA% Sin()\nx)
n=1 n

Fn wt _: .
+2::1 D)2 T iw’ sin(A,z) «— Steady State Solution



Green’s Function

Consider:
Pt = D,Oa:a:
p(t,0) = p(t,L) =0

p(0,z) = po(z)

Solution:
DAZ 2 L
E Q€ ntsin(Apz) , op = E/ po(y) sin(A,ydy
0

With uniform convergence, we can write
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= / G(z,y,t)po(y)dy
Green’s Function: Analogy:
Z ~DXit gin (Anc) sin(Any) S )= ey
G(z,y,t) nt sin(Anz) sin(Ay, = 0
"L Y y(0) = o



Analytic Solution Techniques: Wave Equation
Wave Equation: Assume that @ is constantand D =b=d =0

Iy Sl gy | Waveform at time O
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1 Waveform at time ¢
Solution: p(t,xz) = po(z — ut)
ut
_ >
Verification: Let 2z = x — ut / |
To = 1 — Ut
Thus
dp 0z _ _
pr =~ = ph(x — at)(—a)
dz Ot T
dp 0z p—2z <
= "= = pl(x — ut t
Hence

pt + Ups = —upp(z — ut) + upp(z — at) =0
p(O, SL‘) = po(CU)



