Numerical Techniques for Diffusion Equations

“Furious activity is no substitute for understanding,” H.H. Williams



Finite Difference Methods for the Diffusion Equation

Diffusion Equation: t

ot Oz b= j

p(t,0) = p(t,L) =0
p(0,z) = po(z) ? F ?
Forward Difference in Time:

%(xi,tj) _ Peati ¥ "2 — 2T li) 4ok

Central Difference in Space: (see the IVP and BVP notes)

0%p
W(xz‘atj) =

p(x; + h,t;) — 2p(z;,t;) + p(x; — h,t;)
h2

+ O (h?)



Finite Difference Methods for the Diffusion Equation

lteration: Let Pij =~ p(a:z-,tj) so that t
Pij+1 — Pij DPi+1,j — 2pij + Pi-1, —0
k h?
= pij+1 = (1 —=2X) pij + Xpit1,j — pi-1,5) ;
Dk
where \ = ﬁ L

Initial Condition: pi,0 = p(zi)

Boundary Conditions: po,; = pm,; =0

Matrix System: 711 = AT}

P1,j+1 12X A 0 p1,j
P2,5+1 —A 1-=2Xx A P2,
P3,j+1 B P3.j

| Pm—1,541 i 0 —A 1-2A 1 L Pm—1,5 _




Finite Difference Methods for the Diffusion Equation

Stability Analysis: T = A(’I?o + go) = Arp + Aep
Need [[A"eol| < |léo
= p(4) <1
LT

Note: ui=1—4)\sin2 (—) ,1=1,--- . m—1

Hence p(A) = max

0 < Asin? (2) <

Note: This can be very prohibitive!



Finite Difference Methods for the Diffusion Equation

Backward Difference in Time; t

Pij — Pij—1 DPz‘+1,j — 2pij t Pi-1, —0

k h?
99—

= (L4 2X)pij — APit1,j — APi—1,j = Pij—1 'l
| o L
Matrix System: Aw; = w;_4
142X =) 0 11T p1; P11
—A 1+2\ =) P2.j P2,5—1
P3,j B P3,5—1
i 0 A 142X | | pm—1,5 | | Pm—1,j—1 _

Note: System symmetric and positive definite

» Use Crout algorithm for tridiagonal systems or SOR



Finite Element Methods for the Diffusion Equation

Note: See numerical methods for IVP and BVP

Weak Formulation: Consider

L L
dp Op do
el —_D VP YY
_/0 ot pdz /0 Ox dx dz

for all ¢ € H(0,L).

Approximation Framework: Take

] T—Tj—1, Tj-1 SCE<$J'
¢j(z) =2 Tj+1 =T, T; ST Tjpg

0, otherwise

and HY = span{¢;}. The approximate solution is

PN (t,) = 3 pi(0)64(



Finite Element Methods for the Diffusion Equation

Approximate System: For : =1,---N — 1,

L N—1

L N—1

| 3 500s@e@ida=-D [ 3 pt)oj@ei(w)ds

N—-1 L N-1 L
= Z pi(t) /0 ¢;(z)¢s(z)de = —D Z p;i(t) /0 ¢} ()¢ (z)dw

Matrix System:
fOL ¢1 ¢1 dx

. fOL ¢N-_1P1dT -

0 ._

fOL P1PN-_1dx

L
fo ¢1 91 dx

L
L Jo Ovadrde -

fOL PN-1PN—1dT _

L
fo 1PN _1dT

. :
fo Pn_1PN_1dT

p1(t)

| pnaalt)

p1(t)

i PN—-l(t) .




Finite Element Methods for the Diffusion Equation

Semi-discrete System: M (t) = —K7(t)

> O

D= WIN

WIN O

O

oY=

O o= .

D WIN .

0

wWIN Oy

Temporal Discretization:

* Forward Difference

1 . . 1
E(Tﬂl—?"j):—M LK

= 1 = (I = kM TK)7,

 Backward Difference
1 . 1
- (T4 = 75) = =M K4

= 71 = I+ kM 'K)'F



