
Sparse Grid Quadrature and Interpolation
Note: We have encountered potentially high dimensional quadrature at 
several points:
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Stochastic Quadrature Methods: Monte Carlo

Notes:
• Errors satisfy
• Optimal for sufficiently large p.
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Deterministic Quadrature Methods

1-D Quadrature Relations:
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1-D Quadrature Relations

Nested Quadrature Techniques: Consider on [0,1]

Trapezoid Rule:
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Tensor Product Formulation
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Note: Convergence stagnates as 
parameter dimension p gets large! 
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Sparse Grid Construction
Motivation:
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Sparse Grid Construction
Sparse Grid Quadrature Rule:
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Sparse Grid Construction
Example: Consider Clenshaw-Curtis with ⇥(1)

1 = { 1
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2 = {0, 1
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Sparse Grid Construction
Error Analysis:
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Grid Sizes:

p R` Sparse Grid R Tensored Grid R = (R`)p

2 5 13 25

9 29 81

5 5 61 3125

9 241 59,049

10 5 221 9,765,625

9 1581 > 3⇥ 109

50 5 5101 > 8⇥ 1034

9 171,901 > 5⇥ 1047

100 5 20,201 > 7⇥ 1069

9 1,353,801 > 2⇥ 1095



Numerical Quadrature
Problem: 
• Accuracy of methods diminishes as parameter dimension p increases

• Suppose

• Tensor products:

• Quadrature errors:

• Alternative: Monte Carlo quadrature  

Take R` points in each dimension so R = (R`)p
total points
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• Advantage: Errors independent of dimension p

• Disadvantage: Convergence is very slow!  

Conclusion: For high enough 
dimension p, monkeys 
throwing darts will beat 
Gaussian and sparse grid 
techniques!



Anisotropic Sparse Grids
Multi-Index Set:
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Multi-Dimensional Interpolation
Tensor Products and Sparse Grid: Interpolation formulae analogous to 
quadrature rules.

Sparse Grid Software: 
• MATLAB: Sparse Grid Interpolation Toolbox – Be careful of Clenshaw-Curtis, which 
are actually Newton-Cotes points – versus Chebychev

• Dakota

Uses: 
• Spectral collocation methods to propagate input uncertainties.

• Construction of surrogate models.


