Frequentist Techniques for Model Calibration

Reading: Chapter 7

Example: Consider the height-weight data from the 1975 World Aimanac and

Book of Facts
Height [58 |59 |60 |61 |62 |63 |64 |65 |66 |67 |68 |69 |70 |71 |72
(in)
Weight | 115 | 117 | 120 [ 123 | 126 | 129 | 132 | 135 | 139 | 142 | 146 | 150 | 154 | 159 | 164
(Ibs)
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Linear Regression

Consider
T=Xq+¢€
where
[ T; [ X11 Xip | [ q1 | &1 |
T = , X = y 40 = y €=
_T'n,_ _an X'n,p_ | dp | | En |
Observations Design Matrix Unknown Errors
Parameters

Example: Tz — (QO +Q1Xz) TE;, 1= 17 N




Linear Regression

Statistical Model:
T=Xqy+e¢

Assumptions:
(i) E(e;) =0

(i) €; iid (independent and identically distributed)

= var(e;) = of

El(ei —E(e:))(e; — E(e5))] = cov(es, e5) = 0 fori # j

(ii*) If e, ~ N(0,03) and hence Y; ~ N(Xgqo,o?), MLE provides
expression for go and o3.

(iv*) Generalized least squares employed if nonconstant variance.

Goals:

(1) Construct a ‘good’ estimator g for q.
(2) Construct an estimator 62 for o3.



Least Squares Problem
Minimize

J(q) = (T - Xq)" (T — Xq)

Note: General result for quadratic forms

T =AT®A

=V, T =2(V,AT)®A
Thus

VT =2[V4(YT — Xq)"][T — Xq| =0
where

V(T - Xq)' = -V, XT = -XT

Least Squares Estimate: go.s = (X' X) ' X v

Least Squares Estimator: §,,s = (X7 X) !XT



Parameter Estimator Properties

Estimator Mean:
E@) = E[XTX)XTT]
= (XTX)"1XTE(T)

= 4o

Estimator CovariancelLet A = (X7 X)~1X7T
V(@) = E[(§—q0)(d—q0)"]
= E[(go + Ae — q0)(q0 + Ae — qo)"] , since § = AT = A(Xqo +¢)
= AE(eeh)AT
— HXTX)



Variance Estimator Properties

Goal: Construct an estimator 42 for o2

Residual: R =T — X§

Variance Estimator: 52 = . RTR
n—p
Note:
f = T XX "XET
— (I, —H)Y
where

H=XXTx)"'x7T

Properties of H:
HT = H (symmetric)
H? = H (idempotent)
(I — H)? = (I, — H)
(I, - HX=X-XXTX)"'XTX=0



Variance Estimator Properties

Note:
= (In—H)(Xqo +¢)
= ([I,— H)e
SO
RTR = [, - H)e" [, — H)e]
= ef'(I, - H)e
Thus
RTR =33 hieic;
i=1 j=1
SO

E(ETR\) — iihsz(Eisj)

=1 j:]_

. Z Z hijcov(e;,e;) since E(g;) =E(g;) =0

=1 j=1

= Y hivar(e;) = ogtr(l, — H)
i=1



Variance Estimator Properties
Note:

tr(A+ B) =tr(B+ A)
tr(AB) = tr(BA)
Thus
tr(l, —H) = n—tr[(XTX)'X"X]

pt n—p

Unbiased Estimator:
B RTR
= — ;.

52




Example

Example: Consider the height-weight data from the 1975 World Almanac and Book
of Facts
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Example

Here ]
Least Square Estimate:

483 112.91 . .
492 118.85 (X" X)g=X"v

5.00 125.00 q1 = 261.88
5.08 131.35

517 137.92 = ¢z = —88.18
5.25 144.70 g3 = 11.96
5.33 151.70

5.42 158.93 70
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6.00 216.00
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Note: cond(X”'X) =6.7 x 10 Heigh (n)

Note: eig(H) = eig(X(XTX) ' XT) =0,1



Example
Variance Estimate:
o? =0.15

Parameter Covariance Estimate:

634.88 —235.04 21.66
V=1 -235.04 87.09 -8.03
21.66 —-8.03 0.74

Note: This yields variances and standard deviations for parameter estimates

g1 = 261.88 £ 50.39 q1 € [211.48,312.27]
g2 = —88.18 £ 18.66 = g2 € [—106.84, —69.51]
gz = 11.96 £ 1.72 gs € [10.24, 13.68|.

Goal: Can we additionally compute confidence intervals? Yes, but we need a
little more statistics.



Hypothesis: One way to check the hypothesis of iid is to plot the residuals
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Random Variables Related to the Normal

Chi-Square Random Variables:

If X ~ N(0,1), then the random variable Y = X? is said to have a
x2-distribution with 1 dof. Furthermore, if Y;,7 = 1,--- , n are independent

x? random variables with 1 dof, then their sum
X2(n)=>_Y
=1

is a x? random variable with n dof.

T Random Variables:

If Z ~ N(0,1) and x?(n) is a chi-square random variable with n dof
that is independent from Z, then

Z
~ VXE(n)/n

has a (Student’s) ¢-distribution with » dof.




Variance Estimator Properties
Assumption: Assume that ¢; ~ N (0, 03) are iid (use asymptotic results if not normal).

Property 1: (n — p)o2 /o2 has a x2-distribution with n — p dof.
Property 2: If §; denotes the k" diagonal element of (X' X)~?, then

7, — 9k 90
0/ 0k

has a t-distribution with n — p dof.

Verification of 1: Recall that

(n—p)6%/o2 = —R'R

1
= — (g,UAU"¢) , U orthogonal
99
s
a5

(UTe, AUT€)



Variance Estimator Properties

Note: The eigenvalues of H are either 0 or 1 and tr(f, — H) =rank(l, — H) =n —p.
Thus

A=
0 0

In_p O ]

Note: UT orthogonal implies that ¢ = UTe ~ N(0, 0g) since e ~ N(0,0¢). Thus

(n—p)g?  (u,Au) = u?
5 — > — Z —_—

2
o Op o

UV =
1=1

is the sum of squares of n — p independent N(0,1) random variables.

Result: (n — p)62/o8 is x*(n — p)



Variance Estimator Properties

Verification of 2: Because Z = %% ~ N (0,1), it follows that

ooV ok
T A
:\/V/(i_p) , Z~N(0,1) ,v~x%in—p),

Result: T}, has a t-distribution with n — p dof.

Confidence Interval: Because
P (Qk - tn—p,l—a/Z -0 V 5k < qo, < Qk + tn—p,l—a/2 e V 5k) =1-«

the (1 — a) x 100% confidence interval is

[Qk — tn—p,l—a/2 Y 5ka gk + tn—p,l—a/Z YAV, 5k]



Example

Previous Example:
For a = .05, t,_p 1-q/2 = 2.2. The 95% confidence intervals are thus

g1 € [206.45,317.31]
g2 € [—108.71, —67.65]
g3 € [10.07,13.86].

Note: This is consistent with the results on Slide 11 with 20 = 94.45%.



Summary of Linear Theory

Statistical Model:
T=Xqg+e,qgeR?

v = Xqo + €, (realization)
Assumptions: E(e;) = 0, ¢; iid with var(e;) = o

Least Squares Estimator and Estimate:
§=XTX)7'XTT L, E@) =g, V() =og(XTX)™
g=(XTX)" X"y

Error Variance Estimator and Estimate: R =1 — X§, R=v — Xgq
52— > RTRH . g% = L grTR
n—p n—p

Covariance Matrix Estimator and Estimate:
Vi =" X" 5 V=u4X"X)j"

Sampling Distribution: Requires ¢; ~ N (0,03) or sufficiently large n
® G~ N(qo,05(X"X)™")
e (1 —a) x 100% Confidence Intervals: 6 = [(XTX) 1]z

[qk &z tn—p,l—a/20 V Ok y Qk T tn—p,l—a/ZOV 5k]



Summary of Nonlinear Theory
Statistical Model:

T =f(q)+¢e, geR?, veR
v = f(qo) + €, (realization)

Assumptions: E(e;) = 0, ¢; iid with var(e;) = o}

Least Squares Estimator and Estimate:

g = argmin » [T — fi(q)? , ¢=argmin) [v; - fi(q))?

€2 =1 9€Q =1

Error Variance Estimator and Estimate: R =Y — f(§) , R = v — f(q)

1) e 1
G- = R'R , o=
n—p n—p

RTR

Covariance Matrix Estimator and Estimate: X;;(q) = 24
V(G =[x (@x @], V=[x (9)X(9)]™

Statistical Properties: Requires ¢; ~ N (0, 03) or sufficiently large n
eg~N (QO, o [XT(g0)X (q0)] _1)
e (1 —a) x 100% Confidence Intervals: 6 = [(XT(q)X(q)) ]xk

[Qk - tn—p,l—a/2UV 6k s Gk + tn—p,l—a/2av 6k]



Nonlinear Parameter Estimation

Example: Consider the spring model
Z2+Cz+ Kz=0
2(0) =2, 3(0)=—-C

with displacement observations y(t,q) = z(t,q), parameter g = C, and stiffness
K=20.5. The solution is

z(t) = 26742 cos (\/K —-C?%/4. t)

2 ‘ ‘ 0.4
—Model
1.5F « Synthetic Data | 0.3r
0.2
1+
5 o 0.1
E 05 S
2 0
0) —
[a) 0.1
~0° ~0.2
-1 -0.3
—0.4
1% 1 2 3 4 5 2% 1 2 3 4 5
Time (s) Time (s)

Synthetic Data: Generated with oo = 0.1



Nonlinear Parameter Estimation

Example: The sensitivity matrix is
Oy Oy

*@ = [Lea D]

oC

V4K — C?

V=02=02[XT(q)X(g)]  =335x10"*

Cc

so that
C ~ N (Cy,02) , 0. =0.0183

Note: In 10,000 simulations, 9455 of
confidence intervals contained true

parameter value.

Figure: Sampling distribution
compared with that constructed
using 10,000 estimated values of C.

9y _ e—Ct/2 { 2 sin (\/K— 02/4-t) — tcos (\/K— 02/4-15)]

25

20}

-- -Contructed
— Sampling

1.45 1.5 1.55
Optimal C

1.6



Nonlinear Parameter Estimation

Example: Consider the heat model

d?T;  2(a+b)h

— Fi Ts - Tam
da2 bk 1@ d
dT’s P dT h

with parameters g = [®, h]. The observed solution is

Yi(q) = Ts(xs,9) = c1(q)e™ " + ca(q)e™™ + Tome

where v = 1/ 24D gng

) [ el (h + k) P

& |+ otii | Cz(Q):E—I—Cl(Q)

c1(q) =

Data:

z (cm) 10 14 18 22 26 30 34 38
Temp (°C) | 96.14 80.12 67.66 57.96 50.90 44.84 39.75 36.16

z (cm) 42 46 50 54 58 62 66
Temp (°C) | 33.31 31.15 29.28 27.88 27.18 26.40 25.86




Nonlinear Parameter Estimation

Heat Example: Standard deviations
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Note: We will revisit this example in the context of Bayesian inference.
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