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Essentially, all models are wrong, but some are useful, George E.P. Box,
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Course Structure

Overview: 9:00 — 5:00

. Introduction: Motivating examples

. Overview of terminology and inverse problems
Bayesian inference

Forward uncertainty propagation

. Sensitivity analysis and active subspaces

. Surrogate model construction

N o oA W N =2

. Model discrepancy

Website:
* https://rsmith.math.ncsu.edu/DATAWORKS19/



Modeling Strategy

General Strategy: Conservation of stuff

Stuff —

X X+ Ax

dStuff
at

= Stuff in - Stuff out + Stuff created - Stuff destroyed

Continuity Equation:

d(t, x) | OPAX) | ¢(t,x + Ax)
20X — (4,20 — (b, x + Ax — | " d —
ap d(t, x) — d(t, x + Ax) X X+ Ax

= |Iim — = I|im
Ax—0 Ot  Ax—0 AXx

= 1T 0 Density: p(f, x) - Stuff per unit length or volume

Rate of Flow: ¢ (¢, x) - Stuff per second
More Generally:

0 0
= D - P = Sources - Sinks 3
ot ()¢




Example 1: Weather Models

Challenges:

» Coupling between temperature, pressure
gradients, precipitation, aerosol, etc.;

« Models and inputs contain uncertainties;

* Numerical grids necessarily larger than
many phenomena; e.g., clouds

« Sensors positions may be uncertain;
e.g., weather balloons, ocean buoys.

Goal:

 Assimilate data to quantify uncertain
initial conditions and parameters;

« Make predictions with quantified
uncertainties.

Observable Quantity

Horizontal Grid
(Latitude-Longitude)

Vertical Grid )
(Height or Pressure) |~

Physical Processes in a Model

solar  terrestrial
radiation radiation
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Forecast Period

Assimilation Period
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Equations of Atmospheric Physics

Conservation Relations: 3 3
P Lo _4 Sink
dp — 4+ —— = Sources - SINKs
Mass a_t+v.(pv):o ot (1)’
ov 1 n
Momentum T —Vv-Vv— EVp—gk—ZQ X V
oT .
Energy povo- +PV v ==V -F+ V- (kVT)+pg(T,p.p)
p — pRT 20;?;2?1?2 Grigd) X
amj .
Water a—t = -V me —l_ Smj(T’ mj’Xj’ p) ’ ./ — 1725 35 Vertical Grid
(Height or Pressure) | T
Aerosol a—t_—v-ijJrSXj(T,Xj,p),1—1,---,J, fose .

EEEEEEEEEE

Constitutive Closure Relations: e.g.,
Sm, =S1+ So+ S35 — S4

where 1
. _
Si=p(mp—mj;)? [1.2 x107* + ( 1.569 x 10~ '? .
1 p(m2 m2) [ X —I_ ( X do(mg _ m;)




Ensemble Predictions

Ensemble Predictions:

00 UTC on August 26, 2005 12 UTC on August 26, 2005
Cone of Uncertainty:

Hurricane Katrina
Auﬂm 26, 2005
5 AM EDT Friday
NWS TPCiNational Hurricane Center
Advisory 11
Current Center Location 25.3 N 81.5W
Max Sustained Wind 75 mph
Current Movement W at 5 mph
@ Current Center Location
@ Forecast Center Positions
H Sustained wind > 73 mph
. Potential Day 1-3 Track Area
mmm Tropical Storm Warning
Tropical Storm Watch




Ensemble Predictions

Ensemble Predictions:

100°'W 90'W a0'w 100'W S0'W 80'W

00 UTC on August 26, 2005 12 UTC on August 26, 2005

Cone of Uncertainty:
General Questions:

* What is expected rainfall on March 207
« What are high and low temperatures?

mmm Tropical Storm Warning
Tropical Storm Watch

» What is predicted average snow fall?

* Note: Quantities are statistical in nature.




Example 2: Quantum-Informed Continuum Models
Objectives: PP
 Employ density function theory (DFT) to | )T]l ‘E'e“”“'d" s
construct/calibrate continuum energy relations. ) D @z
— e.g., Helmholtz energy Lead Titanate Zirconate (PZT)

V(P) = o1 P? 4 11 P* 4 441 P°

95/% Prediction Interval
= 95% Credible Interval
= —Continuum Energy
> 100+ —DFT Energy
2

(0]
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w

0 0.2 0.4 0.6 0.8
P, (C/m?)

Helmholtz Energy
UQ and SA Issues:

* Is 6" order term required to accurately
characterize material behavior?

 Note: Determines molecular structure




Quantum-Informed Continuum Models

Objectives:

 Employ density function theory (DFT) to
construct/calibrate continuum energy relations.

— e.g., Helmholtz energy

V(P) = o1 P? 4 11 P* 4 441 P°

300
95/% Prediction Interval

= 2001 1 95% Credible Interval
< —Continuum Energy
= 100 —DFT Energy
[9)] . .
o DFT Electronic Structure Simulation
L

100 0.2 0.4 0.6 0.8 : :

: - : : Broad Objective:

2
P, (C/m?)

* Use UQ/SA to help bridge scales

Helmholtz Energy
from quantum to system

UQ and SA Issues:

* |s 6" order term required to accurately Note:

characterize material behavior? . .
* Linearly parameterized

 Note: Determines molecular structure



Example 3: Pressurized Water Reactors (PWR)

Containment Structure

Pressurizer Steam
Gen

Condenser

Models:
* Involve neutron transport, thermal-hydraulics, chemistry.
 Inherently multi-scale, multi-physics.

CRUD Measurements: Consist of low resolution images at limited number of locations.



Example: Pressurized Water Reactors (PWR)

3-D Neutron Transport Equations:
dp  0¢

10 — + — = Sources - Sinks
ma—(l[‘)+QV(P+Zt(rsE)(P(rsE=Qst) at—l— ax - |

N J dQ/J dE'YS(E' — E,Q — Q)o(r,E',Q', 1)
47t 0

E °°
+MJ dQ’J dE'v(E')X¢(E")o(r,
471t 47T 0 —_—— Rod cluster
control assembly
Challenges:

 Very large number of inputs; e.g., 100,000;
Active subspace construction critical.

* ORNL Code SCALE: Can take hours to run.

* Time-dependent surrogate models must
accommodate PDE structure.

* Numerical errors often difficult to quantify.

: ' Pellet
" Fuel tube

* Predicting future requires extrapolatory or out- B Fuel rod

of-data predictions; one must address model

: SR 11
discrepancy to construct validation intervals.



Example: Pressurized Water Reactors (PWR)

Thermo-Hydraulic Equations: Mass, momentum and energy balance for fluid

0
at( Pr) (&1Prv7) o + ob = Sources - Sinks
3y ot  0x
(Xfpfa—tf + opsVe - Vi + V- 0f + o4V - 0+ oV
= —FR—F—|— F(vf— Vg)/2—|—06fpfg Notes:
5 « Similar relations for gas
a_t((xfpfef) + V- (ﬁpfefvf + Th) = (T — TH)H + TiA¢ and bubbly phases
—Ty(H— oV -h)+h-VT—Tles+ T;(s* — s¢)] » Surrogate models must
Dot r conserve mass, energy,
—Ps (—f + V- (ovg) + —) and momentum
ot Pf
Challenges:

« Codes can have 15-30 closure relations and up to 75 parameters.

« Codes and closure relations often "borrowed” from other physical phenomena;
e.g., single phase fluids, airflow over a car (CFD code STAR-CCM+)

« Calibration necessary and closure relations can conflict.

12
« Inference of random fields requires high- (infinite-) dimensional theory.



Example: Pressurized Water Reactors (PWR)

Thermo-Hydraulic Equations: Mass, momentum and energy balance for fluid

0
a_t(‘xfpf) + V- (oxpsvy) = —T dp 0 |
3y 3t + i Sources - Sinks
(xfpfa—tf‘i‘(xfpfvf‘vvf+v‘ G?—i—fva' 0 + oV ps X
= —FR — F + r(Vf — vg)/2 + xtprg
Notes:

0
—(oprer) + V- (xrprerve + Th) = (Tg — T)H + Til\s

ot « Similar relations for gas
—Tg(H—0ogV -h)+h-VT —Tle; + Ty(s" — )] and bubbly phases
b <% LV (ovy) + L) « Surrogate models must
ot Pr conserve mass, energy,
Example: Shearon Harris outside Raleigh and momentum

UQ Questions:
» What is peak operating temperature?
» What is expected level of CRUD buildup?

* What is risk associated with operating
regime?

» What is expected profit for new design?



Example 4: SIR Model for Disease Dynamics
SIR Model:

asS

e ON —dS—vkIS , S(0) =S Susceptible
ol .
i YKIS — (r+8)1 , 1(0) =l Infectious
dR
ar rl—oR , R(0) = Ao Recovered
Parameters: Response:
e v: Infection coefficient >
Y . N y :J R(t, q)at
e K: Interaction coefficient 0

e r: Recovery rate
e ): Birth/death rate
Note: Parameters g = v, k, r, 8] not uniquely determined by data

Note: Presently employed cholera models have similar form; example this
afternoon.



SIR Model:

ds
dt
dl
dt
dR

— =1rl— bR

dt

Typical Realization:

Number of Individuals

SIR Disease Example

= 5N — 865 —vkIS

= YKIS — (r + 8)]

1000

800}

600

400

200¢| .

, S(0) = S Susceptible

, 1(0) = Iy Infectious

, R(0) = Ro Recovered
—Sdsceptible

. - - -Infected

S - - Recovered |

15



SIR Disease Example

SIR Model: Problem: Cannot uniquely infer
Js parameters
= SN —8S—vkIS , S(0) =S
al
S = YKIS—(r+8)1 , 1(0) =k
dR
— =rl—08R , R(0) =R,
= (0) = Ro

UQ Goal: Predict I(t) with uncertainty

intervals:

—
o
o
o
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2 ' Solution:

8 600| .

£ 0, - Active subspaces

©

C

a 00 - |dentifiability analysis

©
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§ 200  Sensitivity analysis

S !

g ‘ , ‘ . .  Design of experiments 16
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Example 5: HIV Model for Characterization and Control Regimes

HIV Model: Notes: 21 parameters

Ti =M —di Ty — (1— )k VTy [Adams, Banks et al., 2005,
=N—0T—(1—fe)k VT 2007]

Iy =01 —ek VT, — 8T — mET;
Ty =(1—fe)ko VT, — 8Ty — mET;
V=Nrd(Ty + T3)—cV—1[(1—¢€)prki Ts + (1 — fe)poka To] V

. be(T; + T;) de( T} + T3) : . dE
E =X+ E — E —b6cE . =
e T T T Ky Tr 4 T34 Ky E Notation: £ = "
Compartments:
M
Ao
Uninfected Infectious Infected Non-infectious Immune Effectors

Target Cells  Virus Target Cells Virus (CTLs)



Example: HIV Model for Characterization and Treatment Regimes

HIV Model: Several sources of uncertainty including viral measurement techniques

Example: Upper and lower limits to assay sensitivity

E
)
Q -
o
3
o 400
2
S 50 -
! ! ] _I ] ! | =l _I
0 200 400 600 800 1000 1200 1400 1600 1800

time (days)
UQ Questions:

« What are the uncertainties in parameters that cannot be directly measured?
* What is optimal treatment regime that is “safe” for patient?

» What is expected viral load? Issue: very often requires high-dimensional
integration!

ce.g., E[V()] = JRZ V(t,q)p(q)dg

Experimental results are believed by everyone, except for the person who ran the
experiment, source anonymous, quoted by Max Gunzburger, Florida State University.



2. Challenge: Terminology and Notation
Terminology:

* Inputs: Parameters, initial conditions, boundary conditions, exogenous forces;
e.g., parameters in HIV models, initial conditions in weather models.

» Outputs or Responses: Quantities that we experimentally or numerically measure;
e.g., viral load, outlet temperature in reactor.

» Quantities of Interest (Qol): Statistical quantity that we want to compute; e.g.,
average CRUD buildup, expected profit for a given design.

Input Notation: Can vary even within disciplines!

« Math Control Community: g = g1, ..., Q]

« Math Reduced-Order Community: p = [pi, ..., Pg]
« Statistics: 0 = [04, ..., 04]

* Nuclear Engineering: X = [0, ey 0]

- Active subspace community: X = [X1, ..., Xp]

Note: Same variability in notation for outputs and quantities of interest
19



First Challenge: Terminology and Notation

Terminology:
* Linearly parameterized problems: e.g., portfolio model Yy = c1q1 + C2Q2

= Rare in applications except constitutive relations and image processing

* Nonlinearly parameterized problems: typical case

= Differs from linear or nonlinear in state; e.g., spring model

d?y(t
522 ) ky(t) =0 AL met] 2O
d
y(0) ="yo d_i(o) =0 Notation: ¢ = dy oLy
X = YT e
Inputs: ¢ = [ 7y0] ii(t) + ky(t) = 0
Response: Displacement y(t) = yo cos(Vk - t) = dy

y(0) =yo, —(0) =0

dt
Note:

* Linear state dependence

* Nonlinear parameter dependence 20



Uncertainty Quantification

| have always done uncertainty quantification. The difference now is that it is
capitalized. Bill Browning, Applied Mathematics Incorporated.

Note: The field of “Uncertainty Quantification” has grown rapidly over the last 20
years. How is “Capital UQ” different from what statisticians do extremely well every
day?

E.g., When | proposed a course on “Uncertainty Quantification” in Mathematics,
| had to carefully justify its existence to Statistics.

« Statistics students are now starting to take the course.

21



Uncertainty Quantification

| have always done uncertainty quantification. The difference now is that it is
capitalized. Bill Browning, Applied Mathematics Incorporated.

Note: The field of “Uncertainty Quantification” has grown rapidly over the last 20
years. How is “Capital UQ” different from what statisticians do extremely well every

day?
 E.g., When | proposed a course on “Uncertainty Quantification” in Mathematics,
| had to carefully justify its existence to Statistics.

« Statistics students are now starting to take the course.

My Definition of “Capital UQ”: The synergy between statistics, applied mathematics
and domain sciences required to quantify uncertainties in inputs and Qol when
models are too computationally complex to permit sole reliance on sampling-based

methods.”

* Involves orthogonal polynomial techniques, sparse grids, high-D (infinite-D)
approximation theory, randomized linear algebra ... and a lot of statistics!

No one trusts a model except the man who wrote it; everyone trusts an observation
except the man who made it, Harlow Shapely. 9



Steps in Uncertainty Quantification

Note: Uncertainty quantification requires synergy between statistics, mathematics

and application area.

Input Representation

Local Sensitivity Analysis

Global Sensitivity Analysis

L

l

Parameter Selection

Model Discrepancy

T

Surrogate Models

Sparse Grids |—>

Model Calibration

|

||

Stochastic Spectral Methods

I

Uncertainty Propagation

Sparse Grids

23




Model Calibration

Sources of Uncertainty: Strategy:
* Model * Quantify uncertainty in parameters
« Parameters * Propagate uncertainty through model

« Sensor measurements Example: HIV model

* Initial conditions Ti=M—0iTi —(1—¢e)k VT

To=N—dTo—(1—fe)ko VT,

T =(1—¢e)k VT3 8T} — mET{

Ty = (1—fe)keVTo — 8T, — mET;

V= Nri(Tf‘:Tz*) —cV—[(1—e)ptki Tt + (1 — fe)poke T2l V
be(T7 + T5) o de(Ti +T)

Parameters: Reduced set
q = [bg, d, di, ko, A1, Kp)

E:AE+T1*+T2*+ﬁ) T1*+T2*+KdE—65E
Point Estimates: Ordinary least squares
N . f(t,q9)
0 . 1 2 /‘\o
q° =argmin 5 ,21[”" ~ (5. q) it

Note: Scaling critical since parameter values vary by 8 orders of magnitude.



Model Calibration and Predictions

Optimization Results:

bE O d1 k2 7\1 Kb
0.30 068 9.1x10° 122x10* 9.95x 10° 88.5

Data and Prediction of Imnmune Effector Response E:

60 . . ‘ Note: Point estimates but no
quantification of uncertainty in:

50 |
« Model

40 -
« Parameters

w30 ¢ « Data
20 | Goals:
10°7 : * Replace point estimates with
0 distributions.
0 50 100 150 200

« Construct credible and prediction

Time (s)
intervals.

« Natural in a Bayesian framework



Objectives for Uncertainty Quantification

Example: Helmholtz energy {(P, q) = a1 P + o1 P*, q = [&t4, oxq4]
80

Statistical Model: Describes — Model
60 < Doy

observation process _
| §40 n = 81
vi=Y(P,q)+e¢e ,i=1,...,n S o0l
N
] 2 E Ooo
Common Assumption: ¢; ~ N(0, 0°) E o
S 0
I

IN
o

UQ Goals: Quantify parameter and

response uncertainties 0 0.2 0.4 0.6 0.8
Polarization P

(o)}
o

26



Strategy 1. Perform Experiments

Example: Helmholtz energy {(P, q) = a1 P + o1 P*, q = [&t4, oxq4]

Statistical Model: Describes
observation process

U,'Ill)(P/,Q)—|—8/ , | = 1,...,/7
Common Assumption: ¢; ~ N(0, o2)

UQ Goals: Quantify parameter and
response uncertainties

Strategy 1: Perform experiments; e.g., 1

1

0.8}

0.6

0.4}

0.2}

O . . . . .
-405 -400 -395 -390 -385 -380 -375

80 ‘
=—=Model v
60 + Datav
> —
3 40 n = 81
()
[
w 20+
N
o -20 ¢
T
40 |
_60 L L I
0 0.2 0.4 0.6 0.8
Polarization P
]
0.8+
0.6+
04+
0.2+
0 . . . . .
730 740 750 760 770 780 790 27
X11



Strategy 1. Perform Experiments

Example: Helmholtz energy {(P, q) = a1 P + o1 P*, q = [&t4, oxq4]

Statistical Model: Describes
observation process

U,'Zl.l)(P,',Q)—FS/ ci=1,...,n
Common Assumption: ¢; ~ N(0, °)

UQ Goals: Quantify parameter and
response uncertainties

Strategy 1: Perform experimentS' e.g., 2

y
0.8+
0.6+
0.4
0.2+
v -3 390

-405 385 -3 -375

80 ‘
—Model ¥
60 | » Datav
> f—
3 40 n = 81
(]
[
w 20+
N
o -20 ¢
T
40 |
_60 L L I
0 0.2 04 0.6 0.8
Polarization P
1
0.8+
06+
04+
0.2+
0
730 750 760 770 790 28

X11



Strategy 1. Perform Experiments

Example: Helmholtz energy {(P, q) = o P? + o1 P*, g = [o¢q, otq1]

Statistical Model: Describes
observation process

v =V(P;,q) + ¢
Common Assumption: ¢; ~ N(0, °)

UQ Goals: Quantify parameter and
response uncertainties

, =1, ...

, N

Strategy 1: Perform experiments; e.g., 3

1

0.8}

0.6

0.4+

0.2+

O | | |
-405 -400 -395 -390

X1

385 -380 -375

80 |
—Model ¥
60 | » Datav
S 40 n = 81
()
c
Ww 20"
N
o 20+
I
40 -
_60 L L I
0 0.2 0.4 0.6 0.8
Polarization P
’
0.8}
06!
0.4
02!
O | | | | |
730 740 750 760 770 780 790 29

X11



Strategy 1. Perform Experiments

Example: Helmholtz energy {(P, q) = a1 P + o1 P*, q = [&t4, oxq4]

.. i 80 :
Statistical Model: Describes 0 —Model y
L * (o) 4
observation process > _
vlzll)(Plsq)_l_el !I:1J"'Jn LEZO
. 2 2 o
Common Assumption: &; ~ N(0, 0°) E_ |
T
: -40
UQ Goals: Quantify parameter and y
response uncertainties % 0.2 0.4 0.6 0.8
Polarization P
Strategy 1: Perform many experiments; e.g., 1000
790
0.06 | b
780 oo
0.1+
0.04 | — 770"
0.05 S 760 |
0.02+
750 -
0 ‘ ‘ ‘ 0 : : : 740 :
-405 -400 -395 -390 -385 -380 -375 730 740 750 760 770 780 790 -400 -395 -390 -385 -380 -375

X1

X11



Helmholtz Energy v

IS
o

|
(2]
o

Strategy 1. Perform Experiments

Example: Helmholtz energy {(P, q) = a1 P + o1 P*, q = [&t4, oxq4]

Statistical Model: Describes
observation process

UiZI.l)(P/,Q)—Fe,' ci=1,...,n
Common Assumption: ¢; ~ N(0, °)

UQ Goals: Quantify parameter and
response uncertainties

80

Helmholtz Energy
\ o))
o

> A
S o

N N A
© o o o
T : T T

= Model v
« Data v

n = 81

0 0.2 0.4 0.6 0.8

Strategy 1: Perform many experiments; e.g., 1000

0.2

Polarization P

80

(o2}
o

A5+

N
o

N
o

0.1}

o

N
o

.05+

31
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Polarization P Helmholtz Energy v at P=0.2



Helmholtz Energy v
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Strategy 1. Perform Experiments

Example: Helmholtz energy {(P, q) = a1 P + o1 P*, q = [&t4, oxq4]

Statistical Model: Describes
observation process

UiZI.l)(P/,Q)—Fe,' ci=1,...,n
Common Assumption: ¢; ~ N(0, °)

UQ Goals: Quantify parameter and
response uncertainties

80

Helmholtz Energy
\ o))
o

> A
S o

N N A
© o o o
T : T T

= Model v
« Data v

n = 81

0 0.2 0.4 0.6 0.8

Strategy 1: Perform many experiments; e.g., 1000

0.2

Polarization P

80

(o2}
o

A5+

N
o

N
o

0.1}

o

N
o

.05+

Problem: Often cannot
perform required number
of experiments or high-
fidelity simulations.

Solution: Statistical
inference

32
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Polarization P Helmholtz Energy v at P=0.2



3. Statistical Inference

Goal: The goal in statistical inference is to make conclusions about a
phenomenon based on observed data.

Frequentist: Observations made in the past are analyzed with a specified
model. Result is regarded as confidence about state of real world.

* Probabilities defined as frequencies with which an event occurs if experiment
Is repeated several times.

 Parameter Estimation:

o Relies on estimators derived from different data sets and a specific sampling
distribution.

o Parameters may be unknown but are fixed and deterministic.

Bayesian: Interpretation of probability is subjective and can be updated with
new data.

« Parameter Estimation: Parameters are considered to be random variables
having associated densities.

33



Frequentist Techniques for Model Calibration

Example: Consider the height-weight data from the 1975 World Alimanac and

Book of Facts
Height |58 |59 |60 [61 |62 |63 |64 |65 |66 |67 |68 [69 |70 |71 |72
(in)
Weight | 115 | 117 | 120 [ 123 | 126 | 129 | 132 | 135 | 139 | 142 | 146 | 150 | 154 | 159 | 164
(Ibs)
. 170
Consider the model
9 160+ 0
Ti = q1 + g2(x:/12) + q3(xi/12)* + ¢; .
__150¢
é )
= 140} o
o
()] o
= 130 o
120+ oo
11%5 Gb 6|5 7b 75

Height (in)



Linear Regression

Consider
T=Xqo+e¢
where
Ty ] [ X1 Xip | [ q1 | [ €1 |
L= : , X = : : y §o = | y €=
_Tn_ _an an_ | qp | | En |
Observations Design Matrix Unknown Errors
Parameters

Example: Tz — (QO +Q1X’L) T &5, 1= ]-7 s TV

35



Residual

0.2
04

-0.6¢

08 80 65 70 75

Linear Regression

Statistical Model:
T=Xqy+¢

Assumptions:
(i) E(e;) =0

(i) &, iid (independent and identically distributed)

= var(e;) = op

El(e; —E(e:))(e;

Examples:

iid errors
06 .

04r

0.2r

Height (in)

—E(e;))] = cov(ei, ;) =0fori # j

Not identically distributed

5

x 10

Not independent

-,
Residual (m)




Linear Regression

Statistical Model: 05
0.4t
T = qu 8 0.2+
g 0
Assumptions: % 0s
(i) E(e;) =0 04l
(i) e, iid (independent and identically distributed) ~ °°
= V&I‘(&Ii) — 0'(2) 0% 60 Heig6r?t(in) 70 75

El(e; —E(e:))(e; — E(g;))] = cov(es, e5) =0fors # j
Goals:

(1) Construct a ‘good’ estimator ¢ for q.
(2) Construct an estimator 62 for o2.

Terminology:

« Estimator: Random variable having associated sampling distributions

* Estimate: Realization so real number
37



Least Squares Problem
Minimize
J(g) = (T — Xq)* (T — Xq)

Note:
VT =2[Vy(T - Xq)"|[T — Xq] =0

where

V(T - Xq)' = V" XT = -X7T

Least Squares Estimator: dors = (X' X)'X'T

Least Squares Estimate: go.s = (X' X) ' X"v

38



Parameter Estimator Properties

Estimator Mean:
E@G) = E[XTX)7X77]
= (XTX)"1XTE(Y)
= 9o \

T=Xqy+¢

Estimator Covariance: Let A = (X7 X)~1X7

V(9 = E[(d—q0)(d—q0)"]
= E[(qo0 + Ae — q0)(q0 + Ae — q0)"] , since § = AT = A(Xqo +¢)
= AE(ee?)AT
= (X' X)™!

39



Example
Example: Consider the height-weight data from the 71975 World Almanac and Book

of Facts
Height 58 59 60 61 62 63 064 65 066 67 68 69 70 71 72
(in)
Weight [ 115 | 117 | 120 | 123 [ 126 [ 129 | 132 | 135 [ 139 [ 142 [ 146 | 150 | 154 [ 159 | 164
(Ibs)
Consider the model 70
2 "
T = q1 + q2(%i/12) + q3(z:/12)" + &5 ébl ]
__150¢ °
‘éi o
= 140} -
o
()] o
= 130/ o
120+ oo
11%5 6|0 65 76 75
Height (in)

40




Example

Here _ 70
Least Square Estimate
1 4.83 112.91 | T wT 160/
1 4.92 11885 (X" X)g=X"v |
1 5.00 125.00 2
= 261. k]
1 5.08 13135 g1, =200.88 £ 140
1 5.17 137.92 = o = —88.18 2
1 5.25 144.70 130f
=11.

1 533 151.70 a3 4 20l ;
X=1]1 542 15893 _ _ _° Daa
1 550 166.38 Variance Estimate: 19, - . =

1 5.58 174.05 9 eight (in
1 5.67 181.96 0” =0.15
1 5.75 190.11 _ _
1 5.83 198.50 Parameter Covariance Estimate:
[ oo 2L 634.88 —235.04 21.66
- ' - V=1 -235.04 87.09 —8.03

21.66 —8.03 0.74

Note: This yields variances and standard deviations for parameter estimates

1 = 261.88 =+ 50.39 ¢ € [211.48,312.27]
g2 = —88.18 £18.66 = ¢ € [~106.84, —69.51]
g3 = 11.96 + 1.72 gs € [10.24,13.68). 41




Polarization Examp
80
Statistical Model: Fori=1, ..., n 60 |
S 40|
UIZLP(PhQ)"‘ei(\eiNN(O, o°) g ol
= o1 P? + a1 P! + ¢ é 0&
%-207
(0.6
— | V; :|:’DI2 PI'4]|:OC111]+|:€I'] -40
-60
=v=Xq+¢
Statistical Quantities:
g=(X"X)""XTv y
ar{
gy
V=X X) =1 474 376 3
cov(oc1,oc11)/ \Var((xﬁ)

Note: Covariance matrix incorporates “geometry”

Goal: Employ Bayesian inference for UQ

= Model
« Datav

CJ

0.2

790

0.4 0.6 0.8
Polarization P

780 ¢

770 ¢

760 ¢

750 |




Statistical Inference

Goal: The goal in statistical inference is to make conclusions about a
phenomenon based on observed data.

Frequentist: Observations made in the past are analyzed with a specified
model. Result is regarded as confidence about state of real world.

* Probabilities defined as frequencies with which an event occurs if experiment
Is repeated several times.

 Parameter Estimation:

o Relies on estimators derived from different data sets and a specific sampling
distribution.

o Parameters may be unknown but are fixed and deterministic.

Bayesian: Interpretation of probability is subjective and can be updated with
new data.

« Parameter Estimation: Parameters are considered to be random variables
having associated densities.
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Bayesian Inference: More General Model

Example: Displacement-force relation (Hooke’s Law)

si=Eei+¢;,i=1,...,N g?
= ogmerene B 0
ei ~ N(0, 0?) » -
—Model
Parameter: Stiffness E % 002 o004 006 008 of

Strategy: Use model fit to data to update prior information

Information Provided Updated Information
by Model and Data

Prior Information

0 B 202
7'[0(E) e > _i—qlsi—Egil°/20 7T(E|S)
7 N
Data Model

Non-normalized Bayes’ Relation:

N
n(E|s) = e Li—i[s—Eel*/20% 0 ( F) 14



Bayesian Inference

Bayes’ Relation: Specifies posterior in terms of likelihood and prior
—Eel?/202 , g=E

likelihood: € it

Posterior ¥ , o
Distribution\> n(g) = T(v]q) 70 (q) «— Prior Distribution
Jre T(VI9) 70 (q) dg<

| Normalization Constant

 Prior Distribution: Quantifies prior knowledge of parameter values
« Likelihood: Probability of observing a data given set of parameter values.

« Posterior Distribution: Conditional distribution of parameters given observed data.

Problem: Can require high-dimensional integration
* e.g., HIV Model: p = 6 - 23!
 Solution: Sampling-based Markov Chain Monte Carlo (MCMC) algorithms.

» Metropolis algorithms first used by nuclear physicists during Manhattan Project
in 1940’s to understand particle movement underlying first atomic bomb.



Bayesian Model Calibration

Bayes’ Relation: Bayesian Model Calibration:
P(A|B) = P(B|A)P(A) - Parameters assumed to be random variables
PAB) _ (vlg)mo(g)
m(glv) =
Jre T(v]@)T0(q)dg
Example: Coin Flip . 5 Heads, 9 Tails
0 , w=T
Tz(w) = { 1 o — H 3
Likelihood: 2
N 1
nvlg) =][a"(1—q)'"

0 02 04 06 08
49 Heads, 51 Tails

=q"(1—q)" T
al
Posterior with Noninformative Prior: mo(q) = 1 6
Ni(1 _ »\No ! 4
g™ (1 —q N +1)!
i) = Lo S U g,
fO qu(l_q)NOdq NO.Nl.

0 02 04 06 08



Bayesian Model Calibration

Bayesian Model Calibration:

 Parameters considered to be random

variables with associated densities. J(g*lgk-1)
( [q)m0(q) * 7 (ylq)
m(glv) = q
pr |q o q)dq ©
1_ 3_n2
Problem: A :q*qz:q* *
0
o

*Often requires high dimensional integration;

o e.g., p=23forHIV model

o

o p = hundreds to thousands for some models 10

0.75¢

Strategies:

0.590 o () o (] o o060

« Sampling methods

- Sparse grid quadrature techniques 0.25




Markov Chain Monte Carlo Methods

Strategy:
e Sample values from proposal distribution J(g*|g*~1) that reflects geometry
of posterior distribution

t(v|g*)mo(g")
(vlgk—1) 7 (gh—1)

x |f r > 1, accept with probability o« = 1

e Compute r(g*|g" ") = =

x If r < 1, accept with probability o« = r

Intuition: Consider flat prior 15(g) = 1 and Gaussian observation model
1 N

Sroma® Y 8Si=) i ilhq)f

i=1
T (vlq) S$q

ni(vlq) = (
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Delayed Rejection Adaptive Metropolis (DRAM)
Algorithm: [Haario et al., 2006] — MATLAB, Python, R

Example: Helmholtz energy

Vi =W(PLg)tei e o N0, 6?)
= o1 P? + a1 P! + ¢

49



Delayed Rejection Adaptive Metropolis (DRAM)
Algorithm: [Haario et al., 2006] — MATLAB, Python, R

N
1. Determine g° = argmin Z[v,- —P(P;, q)?]
q

=1

Example: Helmholtz energy

v, =VP(P;, q) + ¢ — ¢ ~ N(0,0'z)
:O(1P,-2—|—(X11P/4+8i

50



Delayed Rejection Adaptive Metropolis (DRAM)
Algorithm: [Haario et al., 2006] — MATLAB, Python, R

N
1. Determine g° = arg min Z[v,- —P(P;, 9)17]
q

o Fork=1,...M =

(a) Construct candidate g* ~ N(g*~’ V) <=q* (;k—1

790

Example: Helmholtz energy 780
v, = P-, _|_ Ei o - 770 L
I d)( IQ) I&E/NN(O,O') s
= o1 P + o1 P} + ¢
750 ¢
Recall: Covariance V incorporates geometry TAQL e ne e

X1



Delayed Rejection Adaptive Metropolis (DRAM)

Algorithm: [Haario et al., 2006] MATLAB, Python, R

1. Determine q° = arg mmZ P (P;, g))?]

2 Fork=1,..,M =
(a) Construct candidate g* ~ N(g*—1, V)

(b) Compute Iikelihood
SS- —Zv, V(P q")°
TRr P ——_ = -
(27102)n/2 qx qk-1 g g* qk-1 G

(c) Accept g* with probability dictated by likelihood

790

Example: Helmholtz energy 780 ¢
vi =P A e e e N0, 0%) 5
= o1 PP + 41 PT + ¢ |
Recall: Covariance V incorporates geometry 740

-405

400 -39 -390 -385 -380

X1



Delayed Rejection Adaptive Metropolis (DRAM)
Algorithm: [Haario et al. 2006] MATLAB, Python, R

1. Determine q° = arg man P (P;, g))?]

2 Fork=1,..,M =
(a) Construct candidate g* ~ N(g*—1, V)

(b) Compute Iikelihood
SSq t(vlq)
SS, —Zv, W (P, q")]
n(vlq) = 1 e—SSq/Zcr2 . . | |
(27102)n/2 qx qk-1 g g* qk-1 G
(c) Accept g* with probability dictated by likelihood
Likelihood
NQQY) T
@
] 0 q*

93




Delayed Rejection Adaptive Metropolis (DRAM)
Algorithm: [Haario et al. 2006] MATLAB, Python, R

1. Determine q° = arg man P (P;, g))?]

2 Fork=1,..,M =
(a) Construct candidate g* ~ N(g*—1, V)

(b) Compute Iikelihood
SSq t(vlq)
SS,- —Zv, V(P q)]
n(vlq) = 1 e—SSq/Zcr2 . . | |
(27102)n/2 qx qk-1 g g* qk-1 G
(c) Accept g* with probability dictated by likelihood
Likelihood
N(q',V) m(vlq)
@
L
0 1 q*
q® g

54
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Delayed Rejection Adaptive Metropolis (DRAM)
Algorithm: [Haario et al. 2006] MATLAB, Python, R

1. Determine q° = arg man P (P;, g))?]
2. Fork=1,..,M -
(a) Construct candidate g* ~ N(g*—1, V) é* (;k—1
(b) Compute Iikelihood
SS,- —Zv, V(P q)]
Tl P —— = -
(27102)n/2 qx qk-1 g g* qk-1 G

(c) Accept g* with probability dictated by likelihood

, Likelihood
N(q=,V) m(vlq)
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Delayed Rejection Adaptive Metropolis (DRAM)
Algorithm: [Haario et al. 2006] MATLAB, Python, R

1. Determine q° = arg man P (P;, g))?]

2 Fork=1,..,M =
(a) Construct candidate g* ~ N(g*—1, V)

(b) Compute Iikelihood
SSq t(vlq)
SS, —Zv, W (P, q")]
n(vlq) = 1 e—SSq/Zcr2 . . | |
(27102)n/2 qx qk-1 g g* qk-1 G
(c) Accept g* with probability dictated by likelihood
Likelihood
m(vlq)
. o2 N(g3,V)
® 0 q ®
q 3
q
4 56
1 2 3 4




Delayed Rejection Adaptive Metropolis (DRAM)
Algorithm: [Haario et al. 2006] MATLAB, Python, R

1. Determine q° = arg man P (P;, g))?]

2 Fork=1,..,M =
(a) Construct candidate g* ~ N(g*—1, V)

(b) Compute Iikelihood
SSq t(vlq)
SS, —Zv, W (P, q")]
n(vlq) = 1 e—SSq/Zcr2 . . | |
(27102)n/2 qx qk-1 g g* qk-1 G
(c) Accept g* with probability dictated by likelihood
Likelihood
n(vlq)
o :]2 ° N(q4’V)
*o0 q ® ° *
q 3 g4 9
g° q

| ] | | 57




Delayed Rejection Adaptive Metropolis (DRAM)
Algorithm: [Haario et al. 2006] MATLAB, Python, R

1. Determine q° = arg man P (P;, g))?]

2 Fork=1,..,M =
(a) Construct candidate g* ~ N(g*—1, V)

(b) Compute Iikelihood
SS,- —Zv, (P, g2
m(vlg) = =g SSu/20° = -
(27102)n/2 qx qk-1 g g* qk-1 G
(c) Accept g* with probability dictated by likelihood
Note:
Likelihood
m(vlq) * Delayed Rejection:
. 32 N(q4,V) Shrink proposal: vV
(] 1 . -
q® 1 33 q4 O « Adaptive Metropolis:
o Update proposal as
1 2 3 4 5 samples are accepted




Delayed Rejection Adaptive Metropolis (DRAM)

Example: Helmholtz energy with 3 parameters

V(P,q) = 0y P? 4+ 11 P* + o411 P°

Note: Similar results for o1 and o+

Pairwise Plots: Quantify correlation

0

850 B §

+ 800 '

— 750
700
650
600

550

300

= 200

-~
~—
8 100

600 700 800 900

g

-420

Chain for o¢y with 5000 samples
-340

—

0 1000 2000 3000 4000 5000
Chain lteration

Marginal density for «;
0.04 ‘ ‘ ‘ : :

0.03

0.02 -

0.01 ¢

-420 -400 -380 -360 -340



Bayesian Model Calibration — HIV Example

Model: 7, =\ — Ty — (1 — e)ky VT
To=A—hTo— (1 —fe)ko VT
Ty =(1—¢e)k VT — 3T — mET;
Ty = (1—fe)keVTp — 8T, — mET;
V= NT5(T1*:T;) —cV —1[(1—¢)p1ki T + (1 —fe)paka To] V

Eon s PP +TE) o de(T7 +T5)

E—6-E
T A K Tr + T3 + Ky E

ParameterbChains and Densities: g = [bg, 0, di, ko, A1, Kp]

E L4}
0.69 E
0.302
500
0
0.298 0.67
5000 10000 15000 5000 10000 15000 0.8 . ——
d d
x107° 1 1
10 1000
9 500
0
8 8 9 10
5000 10000 15000 5000 10000 15000 X107
A
A K 1
x 10* 1 b 0.01
1.02 110
100 0.005
1 | LAl 90
‘ ‘ 80 0.98 0.99 1 1.01  1.02
0.98 70 x 10*
5000 10000 15000 5000 10000 15000

Verification: Why do we trust results??

» Compare results from different
algorithms; e.g., DRAM and Gibbs

o
200
100
0
0.67 0675 0.68 0685 0.69
k
5
10 2
3x
2
1
0
1.2 1.25 1.3
x 10
Kb
0.1
0.05 /\
0
70 80 90 100 110



Bayesian Inference: Advantages and Disadvantages

Advantages:
« Advantageous over frequentist inference when data is limited.

* Directly provides parameter densities, which can subsequently be propagated to
construct response uncertainties.

« Can be used to infer non-identifiable parameters if priors are tight.

 Provides natural framework for experimental design.

Disadvantages:
« More computationally intense than frequentist inference.

« Can be difficult to confirm that chains have burned-in or converged.
1.58

0.07f
1.56¢

1.52W

1.467

0.067

e
—
()]
N

0.05¢

0.04

0.03¢

0.02f
0.01 JM%WM%MMWW
0 05 1 15 2 1.44

< 10° 0 2000 4000 6000 8000 10000
Chain lteration

arameter Valu
(6)]

P
—_
»
[o2]
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Delayed Rejection Adaptive Metropolis (DRAM)

Websites:
o https://rsmith.math.ncsu.edu/UQ TIA/CHAPTERS8/index chapter8.html

« http://helios.fmi.fi/~lainema/mcmc/

62


https://rsmith/math.ncsu.edu/UQ_TIA/CHAPTER8/index_chapter8.html

Delayed Rejection Adaptive Metropolis (DRAM)

We fit the Monod model
1

=0 —— ~ N(0, Io?
Yy 192_|_1+€ ) € (70)

to observations
x (mg/LCOD): 28 55 83 110 138 225 375
y(1/h):  0.0530.0600.1120.1050.0990.1220.125
First clear some variables from possible previous runs.

clear data model options

Next, create a data structure for the observations and control variables. Typically one
could make a structure data that contains fields xdata and ydata.

data.xdata=[28 &5 83 110 138 225 375]; % x(mg/L COD)
data.ydata =[0.053 0.060 0.112 0.105 0.099 0.122 0.125]; %y (1/ h)

Construct model

modelfun = @(x,theta) theta(1)*x./(theta(2)+x);
ssfun = @(theta,data) sum((data.ydata-modelfun(data.xdata,theta)).*2);
model.ssfun = ssfun;

63
model.sigma2 =0.0172;



Delayed Rejection Adaptive Metropolis (DRAM)

Input parameters
params = {
{theta1', tmin(1), 0}
{theta2', tmin(2), 0} };
and set options
options.nsimu = 4000;
options.updatesigma = 1;
options.qcov = tcov;
Run code
[res,chain,s2chain] = mcmcrun(model,data,params,options);

MCMC status

G enerating chain, eta: 0:00:04

i-1900 adapting (19.42,23.00,0.00)

Cancel
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Delayed Rejection Adaptive Metropolis (DRAM)

theta1

Plot results
figure(2); clf
mcmcplot(chain,[],res,'chainpanel’);
figure(3); clf

mcmcplot(chain,[],res,'pairs');

350

300 E

250 - +3 4

200

theta2

150 |

100 -

50+

0.3 0.35 04

0.35

theta2
T

400

+ e

1
2500

1 1 1 1 1
500 1000 1500 2000 3000 3500 4000

Examples:
« Several available in MCMC_EXAMPLES

« ODE solver illustrated in algae example
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Delayed Rejection Adaptive Metropolis (DRAM)

Construct credible and prediction intervals
figure(d); clf
out = mcmcepred(res,chain,[],x,modelfun);
mcmcpredplot(out);
hold on
plot(data.xdata,data.ydata,'s'); % add data points to the plot
xlabel('x [mg/L CODY');
ylabel('y [1/h]"); 0.18 ] __ Frodeiivs envelopes of the made
hold off 016 |
titte('Predictive envelopes of the model')

0.14 +

¥ [1h]

1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
X [magll COD]



DRAM for SIR Example
SIR Model:

@
dt
dl .

— _ 7_/{7[5 —(r+0)I , I(0) = I Infectious
dR

— = rI — SR , R(0) = Ry Recovered

= 0N — 0S8 — kIS , S(0) = So Susceptible

Note: Parameter set ¢ = [v, k, 7, 4] is not identifiable

Website

 http://helios.fmi.fi/~lainema/mcmc/

* http://www4 .ncsu.edu/~rsmith/
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Number of Infectious

DRAM for S

1000

800

600¢

400y,

200

0.8

0.6 °

0.8

0.6

0.75

0.22

delta

Infection Data and Prediction Interval

R Example: Results

—
o
o
o

800

600¢

4007,

200

gamma

05 '
04

» 03
0.2
0.1

-

3O

-

02 04 06 08

01 02 03 04 05

0.55 0.6 065 0.7




SIR Example

3 Parameter SIR Model:

% _ N —6S—~IS , S(0)=S, Susceptible
dl Infecti

C=AIS—(r+8)I , 1(0)=1I, Infectious
C;—lj =rl —0R , R(0) = Ry Recovered

Note:

* Run the posted 4 parameter code and experiment with the chain length.

 Now run the 3 parameter model and compare your results.

Website:
« https://rsmith.math.ncsu.edu/DATAWORKS19/
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