Steps in Uncertainty Quantification

Input Representation Local Sensitivity Analysis Global Sensitivity Analysis
l l l
Parameter Selection _ Surrogate Models
— ™| Model Discrepancy |[—>

| T (i

Stochastic Spectral Methods

Sparse Grids |—> Model Calibration

| -

Sparse Grids

Uncertainty Propagation

Challenge:
* How do we do uncertainty quantification for computationally expensive models?
« Example:

- We have a computational budget of 5000 model evaluations.

— Bayesian inference and uncertainty propagation require 120,000 evaluations.



Uncertainty Quantification Challenges
Example: MFC model — Fourth-order PDE

e MFC Patch
pazw M _ f ; .Capacitc.)r probe
o2 ox2 /1
0w 03w
M= —cflI— —¢pl
— 0X?2 Prax2ot

— [ki1e(E, 00) E + koejnr (E, 00)]l Xmrc(X)

0.075 - ‘ ‘ ‘ ‘ Macro-Fiber Composite

Bayesian Inference: Took 6 days!

0.07 |
0.065/ [i|l Problem:

cEl oos Mt Il 1.2 x 10° PDE solutions

0.055 |

0.05 I Solution: Highly efficient surrogate models
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0.95 1 1.05 11 115 12
lteration x 10°
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Surrogate Models: Motivation

Example: Consider the heat equation

au_62u+62u+62u+f() t
ot ox2 oy2 "oz '\

Boundary Conditions

Initial Conditions

with the response 1 X,¥,2

y(q) = J; f f J1 u(t, x, y, z)dxdydzdt

0JO JO

Notes:
* Requires approximation of PDE in 3-D

- What would be a simple surrogate?
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Surrogate Models: Motivation

Example: Consider the heat equation t
ou 62u+62u+62u+f( )
ot ox2 oy2 "oz '\

Boundary Conditions

Initial Conditions

with the response 1 X,y,2
G o Surrogate: Quadratic
y(q) :J J J J u(t, x, y, z)dxdydzat ys(q) = (g —0.25)° + 0.5
0JO JO JO
1.1 ‘
— Response
1/| © Evaluation Pts
Question: How do you construct a -- - Surrogate

polynomial surrogate?
* Regression

Interpolation

04



Surrogate Models

Recall: Consider the model i

ou 62u+62u+62u+f( )
ot ox2 oy2 "oz '\

Boundary Conditions

Initial Conditions

with the response 1 X,y,2
G o Surrogate: Quadratic
y(q) :J J J J u(t, x, y, z)dxdydzdt ¥s(q) = (g — 0.25)° + 0.5
0JO JO JO
1.1 .
— Response
. @ Evaluation Pts
Question: How do you construct a .. Surrogate

polynomial surrogate?
 Interpolation

Regression

0.4



Surrogate Models

Question: How do we keep from fitting noise? 1.1

— Resyponse
- Akaike Information Criterion (AIC) 1 © Evaluation Pts
- - = Surrogate
AlIC =2k — 2log|7t(y|q)] °9
0.8/

- Bayesian Information Criterion (AIC)

0.7t
BIC = klog(M) — 2log|m(y|q)] 0.6!
Likelihood: 0.5/ NSNS
1 , 0.4 * * l 1
mi(ylq) = (2r002) /2 e 5%/20"  Maximize ] o2 o4 q o0 > 1
M
SS; =) lym—ys(@™P Minimize
m=1
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Surrogate Models

Question: How do we keep from fitting noise? 1.1

— Respon.se
- Akaike Information Criterion (AIC) 1 © Evaluation Pts
- - = Surrogate
AIC = 2k — 2log|mt(y|q)] °9
0.8

- Bayesian Information Criterion (AIC)

0.7¢
BIC = klog(M) — 2log[n(y|q)] 0.6!
Likelihood: gior
1 —8S, /202 %% 1
n(ylq) = (271(72)"/’/26 o/ Maximize B
M 2.5
SSq =) [Ym— ys(q™)? Minimize
m=1
Example: ¥ = exp(0.7g; + 0.3g»)

Exercise:

« Construct a polynomial surrogate using the code
response_surface.m.

- What order seems appropriate?



Data-Fit Models

Notes:
High-Fidelity Simulations
or Measurements iy = f(q)

/
)

Data (q™,ym)

» Often termed response surface models,
emulators, meta-models.

Response

fs(Q)

 Constructed via interpolation or regression.

 Data can consist of high-fidelity simulations
or experiments.

Parameters q

Example: Steady-state Euler-Bernouilli beam model with PZT patch

d*w
ﬁw (x) = Ko Vszt(X)

Data: Displacement observations

Parameter: Y/




displacement

AP O N A O ®

Data-Fit Models

Example: Steady-state Euler-Bernouilli beam model with PZT patch

d*w
ﬁw (X) = KpVXpzt(X)

Data: Displacement observations
Parameter: Yl

Training points: 5000
Polynomial surrogate: 6" order

107
16

14 | LY
12
10

0.24

Bayesian Inference
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0.2
YI

0.205
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Data-Fit Models

Notes:

« Often termed response surface models,

surrogates, emulators, meta-models.

* Rely on interpolation or regression.

 Data can consist of high-fidelity simulations

or experiments.

« Common techniques: polynomial models,

kriging (Gaussian process regression),
orthogonal polynomials.

Strategy: Consider high fidelity model
y =1(q)
with M model evaluations

YVm=1f(@"), m=1,...M

Statistical Model: £;(qg): Surrogate for f(q)
Vm=1(Q@")+¢emn, m=1,....M

High-Fidelity Simulations
or Measurements yy = f(q)

/
)

Data (9™,ym)

Response

fs(Q)

Parameters q

Surrogate:
K
y¥(Q) =£(Q) = ) aWi(Q)
k=0

Note: v, (Q) orthogonal with respect to
inner product associated with pdf

e.g., Q ~ N(0, 1): Hermite polynomials
Q ~ U(—1,1): Legendre polynomials
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Orthogonal Polynomial Representations

Representation: Properties:

K : K
(I) E[y (Q)] = X
= o Vi (Q)

Note: Vy(Q) = 1 implies that
EVo(Q)] =1
E[W,(Q)V;(Q)] = jr Vi(q)V;(q)p(q)dg

(i) varly Z X2V

Note: Can be used for:
« Uncertainty propagation

= djyi  Sobol-based global sensitivity
where v, = E[V2(Q)] analysis

/

Issue: How does one compute o, , kK =0, ..., K?
 Stochastic Galerkin techniques (Polynomial Chaos Expansion — PCE)

e

* Nonintrusive PCE (Discrete projection) Note: Methods

nonintrusive and

treat code as
 Regression-based methods with sparsity control (Lasso) _J  plackbox. 147

» Stochastic collocation o




Orthogonal Polynomial Representations

Nonintrusive PCE: Take weighted inner product of y(q) = Y -, ok Vk(q)
to obtain

1 " J Note:
Xy = —
“ Yk Jr y@)Vklalplglag (i) Low-dimensional: Tensored 1-D
quadrature rules — e.g., Gaussian
Quadrature: (i) Moderate-dimensional: Sparse grid
1 A (Smolyak) techniques
ok~ — ) y(@)Vk(g)w' T
Yk T (iif) High-dimensional: Monte Carlo or

quasi-Monte Carlo (QMC) techniques

Regression-Based Methods with Sparsity Control (Lasso): Solve

K
min [[Aa—d|® subjectto Y |l <t

€ RKA+1 —
Note: Sample points {q’”}ﬂ:1 e.g., SPGL1
A € RM*(K+1) where Ay = Wy (@) « MATLAB Solver for large-scale

1 . sparse reconstruction 148
d=1y(q),... ,y(@Q")



Stochastic Collocation

Strategy: Consider high fidelity model
y =f(q)

with M model evaluations

Collocation
Data Ym Model

\

Response

Ym=1Ffq@"), m=1,... M

Collocation Surrogate:
Parameters q

M
Y"(@) =) Yulm(q)
m=1

where L,,(q) is a Lagrange polynomial, which in 1-D, is represented by

Y 9-q9  (g-q")---(g—qg™N(g—q™")---(q—q")

qm—q/ (@q"—q")---(@q"—qm™ ") (g™ —q™*")--- (g™ —qgM)

Result: YV (™) = y,,

, J=m 149



Orthogonal Polynomial Methods for PDE

Evolution Model: e.g., thermal-hydraulic equations

ou

5; ~Nw.@)+Fl(@) , xeD, tel0,00) Example: g = «
ou d%u
B(u,Q) = G(Q) , Xx € 0D, te|0,00) = X—
ot 0x2
u(0,x,Q) =1(Q) , xeD

Weak Formulation: Forall vy € V

1
J %—LtlvdquJ N(u,Q)S(v)dx:J' F(Q)vax Forall v &€ £ (0, L)
D D D Lou Lduadv
a—tVdX+ X &&
Response: Y(t, x) :J u(t, x,q)p(q)dq °
r

=0

Representation:

Discrete Projection:
Kt x, Q) = Z uk(t, X)WV (Q
k=0

K J Uk(t, X) yk
= D D ux(Dd;(x)W(Q) r=1 150

k=0 j=1 \ e.g., Finite elements

1 R
~— Y ult,x,q" ) Vi(g)w'




Surrogate Models — Grid Choice

Example: Consider the Runge function f(q) = 1+;—5qz with points

2
q + (j )M,/ -

1.2

1t

0.87

0.61

f(a)

0.4

0.2

of

0.2 05 0 0.5 1
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Surrogate Models — Grid Choice

Example: Consider the Runge function f(q) = 1+;—5qz with points

2
= —1 —1)—,/=1,....M
ql —l_(.l )M,j b b)

1.2

1t

0.87

0.61

f(a)

0.4

0.2

of

0.2 05 0 0.5 1

20
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Surrogate Models — Grid Choice

Example: Consider the Runge function f(q) = 1+;—5qz with points

q =

. 2
—1—|—(j—1)M,j:1,...

1.2
1t
0.8

0.61

f(a)

0.4
0.2
of

-0.2
0.2,

-0.5

20

-0.5

0.5

f(a)
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Example: Consider the Runge function f(q) =

q =

Surrogate Models — Grid Choice

. 2

1.2
1t
0.8

0.61

f(a)

0.4
0.2

of

~0.2
0.2,

-0.5

0.5 1

1

with points

20

-0.5

0.5
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Sparse Grid Techniques

Tensored Grids: Exponential growth Sparse Grids: Same accuracy

1¢0—o © © © 0—09 10 = ° °
oo o o (] o o [ X} o
oo o o o o o [ X} [0} o [0}

0.75| ] 0.75!
oo o o o o o o0 o

0.590 o ° o o o o9 0560 o ) o ) o oo
oo o o o o o o0 o

0.25¢ ] 0.25¢
[0 o] o o o o [+ o0 o ) o
oo o o o o o o0 °
O&e—e—‘—e—e—e—‘—e—e&) - . - ) - A
0 0.25 0.5 0.75 1 B ° o025 05 075 = 3

p Ry, Sparse Grid R Tensored Grid R = (Ry)?

2 9 29 81

5 9 241 59,049
10 9 1581 > 3 x 10?
50 9 171,901 > 5 x 1047
100 9 1,353,801 > 2 x 109
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Surrogate Construction: Nuclear Power Plant Design

Subchannel Code (COBRA-TF): 33 VUQ parameters reduced to 5 using SA

Surrogate: Total pressure drop
* Kriging (GP) emulator constructed using 50 COBRA-TF runs perturbing 5 active
inputs.

« Use remaining computational budget to evaluate quality of surrogate using post-

processed Dakota outputs. Out-of-Sample Validation

1.15 1.20 1.25
I I |

Sample Quantities

1.10
I

Predicted Total Pressure Drop

| | | |
1.10 1.15 1.20 1.25 -2 -1 0 1 2 156
Calculated Total Pressure Drop Theoretical Quantities



Example: SIR Cholera Model

Model:
asS B, By ol |
= bN — S S———— —bS
dt BL BL BH KH + BH
di B, By, P |E
— =B S——— + PpyS——— — (y + b)I
dt it K. + B Pr Ky + By 8 ) 5
dR H
o I—bR b
dt lx
aBy
—— =&l—xBy
at B
dB =
L
—— =xBy — 5B
ot XDBH L
Model Parameter Symbol Units Values
Rate of drinking B, cholera BL Wéek 1.5
Rate of drinking By cholera Br %Veek 7.5 (%)
B, cholera carrying capacity KL #a—Cte“a 106
By cholera carrying capacity Ky che“a 7'2?—3
Human birth and death rate b m .
Rate of decay from By to B, X Week 158
Rate at which infectious individuals & : d# BaCtlema K 70
spread By bacteria to water 7+ individuals.me-wee
Death rate of B; cholera 5 Wéek s
Rate of recovery from cholera v 1 7
week 5
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Example: SIR Cholera Model

Strategy: Employed collocation and discrete projection with sparse grids to
compute time-dependent global sensitivity indices.

1
- B
--- Bu
£ 08 SRR
E — Conclusion: Sensitive indices
= 0.6 1 | .
E (fL v: Recovery rate
T oul” | g B: Rate of drinking By cholera
:§ R K.: B carrying capacity; Note kyy; = k. /700
% 0.2 \\\ i &: Rate at which By bacteria spread
OﬁJLUu,,L,_LUJM,,,LJ,uluu,,L
1071 10° 10! 102

time [weeks]

generalized Sobol index

- MC (Npe = 10%)
051 |mmm  Alg 1 (Nguaa = 609)
mm Alg 1 (Ngyaa = 2177)
04 Alg 2 (ch = 150/Nk1 = 2)
mm Alg 2 (ch = 150/Nk1 = 5)
0.2}
0.1} III II
T

BL B kL

parameter

X

§

or,




Example: SIR Cholera Model

Model:
as B, By o |
= bN — S S———— —bS
dt BL BL 6H Ky + BH
di B, BH P |E
=BLS 5 +BuS_—— o — (v +b)l
. =P 1B BnS 1B, (v + b) .
dR o H
o I—bR b
dt lx
dBy
—— =&l—xBy
at B
dB =
L
—— =xBy — 5B
ot XDBH L
Model Parameter Symbol Units Values
Rate of drinking B, cholera BL Wéek 15
Rate of drinking By cholera Br gveek 7.5 (%)
B, cholera carrying capacity KL #a—Ctema 106
By cholera carrying capacity Ky Wiﬁe“a 7';%0
Human birth and death rate b m TEEG
Rate of decay from By to B; X Week 158
Rate at which infectious individuals & . d# gaCtlema K 70
spread By bacteria to water 7+ individuals.me-wee
Death rate of B; cholera 5 W(;ek s
Rate of recovery from cholera v 1 z
week 5
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Steps in Uncertainty Quantification

Input Representation

Local Sensitivity Analysis

Global Sensitivity Analysis

L

l

Parameter Selection

— > | Model Discrepancy

| T

Surrogate Models

Sparse Grids |—>

Model Calibration

|

|

Stochastic Spectral Methods

I

Uncertainty Propagation

Sparse Grids
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6. Quantification of Model Discrepancy — Thin Beam

“Essentially all models are wrong, but some are useful” George E.P. Box

Example: Thin beam driven by PZT patches

Euler-Bernoulli Model: Forall $ € V

- Pw  ow - 0°w Xw ] .,
L [p( )at'? +ydt]c|>dx+J0 [YI( )W—FC/( X) 231 ¢ dx

X2

= k, V(t)[ ¢ dx

with
p(x) = phb + pphpbpXxp(X) , YI(X) = YI+ Yploxp(X)
cl(x) = cl + cplpXp(X)

° y(tlsq) — W(tisys q)
Note: 7 parameters, 32 states .
N
Statistical Model: e 1/ \//\/ -
Yi=yl(t,q) + ¢ v . " 161
i




Quantification of Model Discrepancy — Thin Beam

Example: Good model fit

Yi=vy(t,q) + €

Note: Observation errors not iid

Residual (m)

Reference: Additive observation errors
Yi=y(t,q)+ 8(t,q) + ¢

« M.C. Kennedy and A. O’Hagan, Journal

of the Royal Statistical Society, Series B,
2001.

x107°

__Mathematical Model y(ti;q)
---Data |

Displacement (m)

-6t
—80 ] 2 3
Time (s)
Model Fit to Data
x 107 ‘ ‘ ‘ ‘
1 __Mathematical Model y(ti;q)
o 1
E ---Data
3
€ 0.8r
Q
[
S
2. 0.6
(&)
c
o) q
g 0.4f
o
L
0.27 i
S JL \
0 20 40 60 80 100 120

Frequency



Quantification of Model Discrepancy — Thin Beam

Example: Good model fit gx 10°° | ‘
__Mathematical Model y(ti;q)
Problem: Observation errors not iid 6 ---Data *
i 4
x10° e
38 ?E/ 2
X ]
; £ 0
: 8
£ 1@ g-
= a
E 4
8 6"
& 1 2 3
| Time (s)
0 ] > 3 Model Fit to Data

Result: Prediction intervals wrong

Approaches:

» GP Model: Inaccurate for extrapolation

Displacement (m)

» Control-based approaches: difficult to
extrapolate.

* Problem: correct physics or biology
required for extrapolation! 3 31 82 _ 33 34 35

Time (s)
Prediction Intervals and Data




Quantification of Model Discrepancy — Thin Beam

X -5
Problem: Measurement errors not iid x 10
x10~°

__Mathematical Model y(ti;q)
---Data |

Residual (m)
Displacement (m)

-3 -6
° " Time® ° A 1 2 3
Time (s)
Result: Prediction intervals wrong Model Fit to Data
107"
One Approach: s

» Determine components of model you trust
(e.g., conservation laws) and don't trust (e.g.,
closure relations). Embed uncertainty into latter.

* T. Oliver, G. Terejanu, C.S. Simmons, R.D.
Moser, Comput Meth Appl Mech Eng, 2015.

Displacement (m)

2018-19 SAMSI Program: Model Uncertainty: e —
Mathematical and Statistical (MUMS) |  Time(s) |

Prediction Intervals and Data




Quantification of Model Discrepancy — Thin Beam

Our Solution: “Optimize” calibration interval

» Use damping/frequency domain results to guide.

Displacement (um)

i

Displacement (um)

Note: We have

40 ‘ ‘ ‘ ‘ ‘ .
° Time (5 : ' timed 3 substantially extended
Calibrate on [0,1] Calibrate on [0.25,1.25] calibration regime.
60 ‘ ‘ ‘ ‘ 50 40 n .
0 . P A 7. ; o S,
— Wi AP A XL 20t i %
E R A EVE gl R N g ot LAY /; :\‘
g ‘s .4 “I..‘..: A [y . : “‘ :: E : ?,: ’ ‘l '0‘ * ‘ ’ :_'C/ 101 .': .‘ll \ [ 30 ?
E 0. fgd ¥ 'éﬁ.'. " “ef E o : \: E‘ Y 2 o ,:i £, [ : ir %"
S i AR AL S I I NN PR
S e Foh A AR -] ST P S 10, i Vo W
2202 & 9 R 5 § 1 8710, i 0% FA /
r by, M * “‘u.‘. 1 . e , ¥, O ool W O
N A\ \ \Q; tj NG f: \.. "
—40 \'é. -‘::,: Y {j _30y:' vj :
Q75 08 o0& 09 095 1 =50, X 2‘2 2'3 o4 o5 %5 32 33 a4 35

Time (s)



Notes:

Concluding Remarks

* UQ requires a synergy between engineering, statistics,

and applied mathematics.

* Model calibration, model selection, uncertainty
propagation and experimental design are natural in a

Bayesian framework.

» Goal is to predict model responses with quantified and

reduced uncertainties.

 Parameter selection is critical to isolate identifiable

and influential parameters.

« Surrogate models critical for computationally intensive

simulation codes.

» Codes and packages: Sandia Dakota, R, MATLAB,

Python, nanoHUB.

* Prediction is very difficult, especially if it's about the

future, Niels Bohr.

Displacement (um)

50
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